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TWISTED K-THEORY WITH COEFFICIENTS IN C∗-ALGEBRAS
ULRICH PENNIG
Abstract. We introduce a twisted version of K-theory with coefficients in a C∗-algebra A,
where the twist is given by a new kind of gerbe, which we call Morita bundle gerbe. We
use the description of twisted K-theory in the torsion case by bundle gerbe modules as a
guideline for our noncommutative generalization. As it turns out, there is an analogue of
the Dixmier-Douady class living in a nonabelian cohomology set and we give a description
of the latter via stable equivalence classes of our gerbes. We also define the analogue of
torsion elements inside this set and extend the description of twisted K-theory in terms of
modules over these gerbes. In case A is the infinite Cuntz algebra, this may lead to an
interpretation of higher twists for K-theory.
1. Introduction
Twisted K-theory first appeared in the early 1970s in a paper by Donovan and Karoubi
as ”K-theory with local coefficients” [13, 2, 3]. It has by now become not only a well-
understood example of a parametrized cohomology theory [22], but also plays a fundamental
role in the description of D-branes in string theory [5].
The most prominent twists for K-theory over a space M (which we will assume to be
a compact manifold for simplicity) are classified by the third cohomology group H3(M,Z),
which can be seen as a BBU(1)-factor of the space BBU⊗ classifying all twists. A geometric
description of these is given by (S1)-bundle gerbes developed by Murray [25], which are
higher algebraic versions of line bundles and are up to an equivalence relation called stable
isomorphism classified precisely by the third cohomology group via the Dixmier-Douady
class of the gerbe [4]. Bundle gerbes allow an easy description of connections on them, there
is a Chern character for bundle gerbe modules, a Thom isomorphism and push-forward maps
as well [10].
The present paper takes a step towards a noncommutative generalization of twisted
K-theory using bundle gerbes as a guideline. It was motivated by index theory: Let A be
a (unital) C∗-algebra, then the operator algebraic K-group K0(C(M,A)) may be viewed as
K-theory with coefficients in A in the sense that it is the Grothendieck group of isomorphism
classes of (finitely generated and projective) Hilbert A-module bundles over M . It appears
in connection with important geometric invariants like the Rosenberg index [30, 32, 24]. In
analogy with the case A = C we may ask whether it is possible to twist this theory and what
the twists should look like. We answer the second question by a comparison with gerbes:
Let Ui be a good cover of a manifold M , then a gerbe provides a Morita self-equivalence of
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C0(Uij) in form of a line bundle Lij → Uij together with a bimodule isomorphism
C0(Uijk, Lij)⊗C0(Uijk) C0(Uijk, Ljk)→ C0(Uijk, Lik)
over the triple intersections. Speaking loosely, we may think of the line bundle as a pa-
rametrized version of a pointwise C-C-Morita equivalence. So, what we need in case of
K-theory with coefficients in A is a parametrized version of A-A-Morita equivalences, which
will be called twisted Morita bundles in this paper (see definition 3.9). From there it is
straightforward to define Morita bundle gerbes (see definition 3.14), for which there are
plenty examples: In fact, every continuous Busby-Smith twisted G-action on A together
with a principal G-bundle over M yields a Morita bundle gerbe (see [8] for the definition of
these actions). Using the analogue of stable isomorphism, we define the set Twists(M,A).
After stabilizing the algebra, i.e. replacing A by As = A⊗K there is also an analogue of the
Dixmier-Douady class, which now lives in the nonabelian cohomology set Hˇ1(M,U(As) →
Aut(As)), where As = A⊗K and U(As)→ Aut(As) is a topological crossed module [27]. It
is in bijection with Twists(M,A) and in case A = C, it boils down to the third cohomology
group and our class coincides with the previous one. Since Pic(A) = Aut(As)/Inn(As) we
see a close relation between the Picard group and our set of twists. In fact, we would like to
promote the picture to think about Pic(A) more in terms of the strict topological 2-group
associated to the crossed module U(As)→ Aut(As). Along the way, we prove the following
structural result about Pic(A):
Corollary. Let A be a unital C∗-algebra and suppose Aut(A) is path-connected in the point-
norm topology. Then the image of Aut(A) in Pic(A) is a normal subgroup.
The connectedness assumption is sufficient, but not necessary for Out(A) to be normal
in Pic(A). For simple C∗-algebras carrying a unique trace which separates the projections
in A, the quotient was identified with the C∗-algebraic analogue of the fundamental group
in [26]. It would be interesting to see connections between these two results.
Let Fred(A) be the Fredholm operators on H ⊗ A for a separable infinite dimensional
Hilbert space H, then
K0(C(M,A)) ≃ [M,Fred(A)]
Like PU(H) acts on Fred(H), we now have the group Aut(As) acting on Fred(A) by conjuga-
tion, since any automorphism σ of As extends to an automorphism of M(As) = L−A(H⊗A)
and σ ◦K ◦ σ−1 is compact if K is compact. Thus, twists should be representable by princi-
pal Aut(As)-bundles. In fact, we apply the Packer-Raeburn stabilization trick to show that
there is a surjective map H1(M,Aut(As))→ Twists(M,A). Thus, for every twist we get a
(possibly non-unique) bundle of C∗-algebras affiliated with it.
Every Morita bundle gerbe with typical fiber A gives rise to a nonabelian bundle gerbe
in the sense of Aschieri, Cantini and Jurcˇo [1] and vice versa. We connect our work to theirs.
However, if the typical fiber varies along the connected components of the space, Morita
bundle gerbes contain more information than just the 2-group U(A)→ Aut(A).
In analogy with the case of bundle gerbe modules, we then define twisted operator K-
theory K0H(M) as the Grothendieck group of isomorphism classes of twisted Morita modules
with respect to a twist H (definition 4.1). This group only depends on the stable equivalence
class of the twist, i.e. the element [H] ∈ Twists(M,A). Even though the latter is just a
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pointed set and not a group, it is still possible to give an analogue of torsion classes as the
so called matrix stable elements, which lie in the image of the map H1(M,Aut(Mn(A)))→
Twists(M,A). We extend the operator algebraic description of twisted K-theory [31, 4] to
twisted operator K-theory by proving
Theorem. Let H be a representative of a matrix stable element [H] ∈ Twists(M,A) and
let A → M be a bundle of C∗-algebras affiliated with H. Then we have
K0H(M) ≃ K0(C(M,A)) .
In the last section we consider the concrete example of Cuntz algebras O(n), for which at
least the automorphism group is quite well understood. This way, we get twisted K-theory
with coefficients in Z/(n− 1)Z. The construction also applies to the C∗-algebra O(∞) and
our conjecture would be that the automorphisms of O(∞) are related to the higher twists
of (ordinary) K-theory, which arise from the full space BBU⊗ not only the BBU(1)-factor.
2. Preliminaries about C∗-algebras and Hilbert C∗-modules
This short section will review some basics about Hilbert C∗-(bi)modules and Morita
equivalences without giving proofs. Details can be found in the book by Lance [21] and in
the paper by Paschke [28].
Definition 2.1. Let A be a C∗-algebra. Aut(A) will denote the group of ∗-automorphisms of
A equipped with the pointwise norm topology, generated by the semi-norms pa(ϕ) = ‖ϕ(a)‖.
It is a topological group with respect to this topology.
Let U be a topological space and consider a continuous map Ψ: U × A → A, where
A is of course equipped with its norm topology, such that Ψ is a ∗-automorphism at every
point. It is easy to check that this induces a continuous map ϕ : U → Aut(A). Using the
fact that ∗-automorphisms preserve the C∗-norm it can be shown that the converse of this
is also true, i.e. ϕ : U → Aut(A) translates into a continuous map Ψ: U × A→ A.
Definition 2.2. Let A be a C∗-algebra. A left A-module H is called a Hilbert A-module if it
is equipped with an A-valued inner product A〈·, ·〉, which satisfies the following conditions:
a) A〈·, ·〉 is A-linear in the left argument and A-antilinear in the right.
b) A〈x, x〉 ≥ 0 for all x ∈ H , where equality only holds if and only if x = 0.
c) A〈x, y〉 = A〈y, x〉∗.
d) H is complete with respect to the norm given by ‖x‖ = ‖ A〈x, x〉‖
1
2 .
Correspondingly we can define a right Hilbert B-module with the only change, that the inner
product 〈·, ·〉B should now be B-linear in the right argument and anti-linear in the left. If
H and H ′ are two left Hilbert A-modules we denote by LA−(H,H ′) the bounded adjointable
operators T : H → H ′ and we define LA−(H) = LA−(H,H). Similarly KA−(H,H ′) will
denote the compact adjointable left A-linear operators, likewise let KA−(H) be the compact
adjointable endomorphisms. If H and H ′ are right Hilbert A-modules, the corresponding
spaces will be L−A(H,H ′), L−A(H), K−A(H,H ′) and K−A(H).
Definition 2.3. The unitary group of a left Hilbert A-module H is the group of isometric
isomorphisms u : H → H equipped with the strict topology generated by the semi-norms
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pv(u) = ‖u(v)‖, p∗v(u) = ‖u
∗(v)‖ for all v ∈ H with respect to which it is a topological
group. We will use the notation UA−(H) = U(LA−(H)) for it. Analogously for right Hilbert
A-modules.
Just as for the group Aut(A), we can show that every continuous map U×H → H , which
is an isometric isomorphism at every point x ∈ U , yields a continuous map U → UA−(H)
and vice versa. Note that U(A) = UA−(A) is the unitary group in the multiplier algebra
M(A) = LA−(A) of A.
Remark 2.4. A word of caution about the topologies on U(A) and Aut(A) seems appro-
priate: The canonical map
U(A)→ Aut(A)
sending a unitary to the corresponding inner automorphism is continuous with kernel ZU(A)
the center of U(A), but the induced bijection on the quotient U(A)/ZU(A) → Inn(A) is a
homeomorphism if and only if A is a continuous trace C∗-algebra [29].
Definition 2.5. Let A and B be C∗-algebras. A Hilbert A-B-bimodule is a vector space H ,
which is a right Hilbert B-module and a left Hilbert A-module, such that the A-, respectively
B-valued inner products are compatible in the following sense:
(1) A〈x, y〉 · z = x · 〈y, z〉B ∀x, y, z ∈ H .
A Hilbert A-B-bimodule H is aMorita equivalence if A and B act via compact operators and
the left action map A→ K−B(H) and the right action map Bop → KA−(H) are isomorphisms
of C∗-algebras.
Remark 2.6. If A is a unital C∗-algebra and H is an A-B-Morita equivalence, then the
identity idH ∈ K−B(H) is a compact operator (it is the image of 1 ∈ A). It follows that idH
is in fact a finite rank operator, therefore H is finitely generated and projective as a right
Hilbert B-module. In particular, every A-A-Morita equivalence of a unital C∗-algebra A is
finitely generated and projective as a left as well as a right Hilbert A-module.
Definition 2.7. Let H be a Hilbert A-B-bimodule and let H∗ be the conjugate vector space
of H . We will denote the elements of H∗ by v∗ for v ∈ H just to distinguish them from
elements of H . H∗ is equipped with the B-A-bimodule structure a ·x∗ · b = (b∗xa∗)∗ and the
inner products 〈x∗, y∗〉A = A〈x, y〉 and B〈x∗, y∗〉 = 〈x, y〉B. This way, H∗ becomes a Hilbert
B-A-bimodule, which is called the bimodule conjugate to H .
Definition 2.8. Let H be a Hilbert A-B-bimodule, K be a Hilbert B-C-bimodule. Their
algebraic tensor product H ⊗algB K over B is an inner product bimodule, where the inner
products on elementary tensors look like
〈h1 ⊗ k1, h2 ⊗ k2〉C = 〈k1, 〈h1, h2〉B · k2〉C ,
A〈h1 ⊗ k1, h2 ⊗ k2〉 = A〈h1 · B〈k1, k2〉, h2〉 .
The completion with respect to the norm induced by either of the inner products is a Hilbert
A-C-bimodule.
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Remark 2.9. As is well known, an A-B-Morita equivalence H can be understood as gen-
eralized morphism between the C∗-algebras A and B. If K is a B-C-Morita equivalence,
the composition of H and K is defined as H ⊗B K. Let IA = A〈H,H〉 be the closed linear
span of all inner products. This is a closed two-sided ideal of A, therefore also a Hilbert
A-A-bimodule, and A〈·, ·〉 yields a bimodule isomorphism
TA : H ⊗B H
∗ → IA , x⊗ y
∗ 7→ A〈x, y〉 .
Define IB analogously. Then we have IA ⊗A H ≃ H and H ⊗B IB ≃ H via the canonical
maps. Thus, equation (1) is equivalent to
(2) H → H ⊗B IB
idH⊗T
∗
B−→ H ⊗B (H
∗ ⊗A H)→ (H ⊗B H
∗)⊗A H
TA⊗idH−→ IA ⊗A H → H
being the identity. Furthermore, equation (1) implies IA ≃ K−B(H) and IB ≃ KA−(H) as
is shown for example in [7, Proposition 1.10]. In case H is a Morita equivalence, the inner
products induce bimodule isomorphisms H ⊗B H
∗ ≃ A and H∗ ⊗A H ≃ B.
Definition 2.10. By the last remark, the isomorphism classes of A-A-Morita equivalences
form a group, which we will call the Picard group Pic(A). A left Hilbert A-module H is
called full, if IA = A with the notation from the previous remark.
Example 2.11. Let H be a Hilbert A-B-bimodule and τ ∈ Aut(B). Then we define Hτ
to be the induced Hilbert A-B-bimodule with the right B-module structure twisted by τ ,
i.e. v · b = vτ(b) and the B-linear inner product given by 〈v, w〉τB = τ
−1(〈v, w〉B). The
A-linear inner product is left unchanged. For σ ∈ Aut(A), let σH be defined analogously. In
particular, the Hilbert A-A-bimodule σA is a Morita (self-)equivalence. Analogously, let Aσ
be the Hilbert A-A-module with the ordinary left action of A and σ-twisted right action. The
automorphism σ induces a bimodule isomorphism Aσ−1 → σA. Moreover, this construction
is compatible with the tensor product in the following sense: Let σ, τ ∈ Aut(A). Then
Aσ ⊗A Aτ → Aσ◦τ ; x⊗ y 7→ xσ(y)
induces a Hilbert A-A-bimodule isomorphism. The situation for more general bimodules
H is more complicated, for example Hσ−1 is in general not isomorphic to σH . There are,
however, canonical isomorphisms (Hσ)
∗ → σ(H∗) and Hτ ⊗B Bσ → Hτ◦σ.
Due to the two inner products, there are essentially two ways of forming the adjoint
of an operator. The next lemma shows that in the case of endomorphisms, they coincide,
which allows us to define the unitary group of a Hilbert bimodule.
Lemma 2.12. Let H be a Hilbert A-B-bimodule. If an A-B-bilinear operator T : H → H has
an adjoint T ∗,A with respect to the A-valued inner product, then it also has an adjoint T ∗,B
with respect to the B-valued inner product and T ∗,A = T ∗,B. Moreover the left multiplication
by a ∈ A is adjointable for the inner product 〈·, ·〉B with adjoint a∗ and similarly for the right
multiplication by b ∈ B.
Proof. For every x, z ∈ H ′ and y ∈ H we have
x · 〈Ty, z〉B = A〈x, Ty〉 · z = A〈T
∗x, y〉 · z = T ∗(x) · 〈y, z〉B = T
∗(x · 〈y, z〉B)
= T ∗( A〈x, y〉 · z) = A〈x, y〉 · T
∗z = x · 〈y, T ∗z〉B
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Note that α = 〈Ty, z〉B − 〈y, T ∗z〉B ∈ IB, i.e. the two-sided closed ideal spanned by linear
combinations of B-valued inner products. Choose an approximate unit eλ for IB. Since
αeλ = 0 by the previous calculation we have
‖α‖ = lim
λ
‖αeλ − α‖ = 0 .
A similar calculation with β = 〈ay, z〉B − 〈y, a∗z〉B ∈ IB proves the second assertion. 
Definition 2.13. By lemma 2.12 there is a well-defined notion of bounded adjointable endo-
morphism of a Hilbert A-B-bimodule and the algebra of those will be denoted by LAB(H).
Moreover we define UAB(H) to be the unitary group of this algebra.
3. Morita bundle gerbes
Before we get to the definition of Morita bundle gerbes we need to clarify some technical
issues concerning bimodules with bimodule structure parametrized by a space U . Through-
out this chapter we will mostly consider unital C∗-algebras, even though we can formulate
the technical theorems in a slightly more general way using the definition of A-finite rank
Hilbert modules. We will often denote a trivial bundle with fiber F by F .
Definition 3.1. Let B be a C∗-algebra. We will say that a (right) Hilbert B-module H is
of B-finite rank if the identity idH is in K−B(H).
The following theorem was proven by Exel in [17]
Theorem 3.2. H is of B-finite rank if and only if there exists an idempotent element
p ∈Mn(B), such that H ≃ pBn.
Twisting the B-module structure can be done continuously over a space U . We will show
that under mild assumptions the resulting spaces can be embedded into a trivial Hilbert B-
module bundle with fiber H ⊗ B, so it is possible to untwist the right B-module structure.
In case the fibers are of B-finite rank, we will see that the resulting bundle is in fact locally
trivial. The setup is as follows: Let U be a topological space and σ : U → Aut(B) be a
continuous map. LetH be a countably generated right Hilbert B-module and letHσ = U×H
be the bundle of right Hilbert B-modules over U , where the fiber Hx at x ∈ U carries the
right Hilbert B-module structure of Hσ(x). Since σ(x) preserves the inner product for every
x ∈ U , the space Hσ carries the topology of a trivial bundle of Banach spaces over U .
Lemma 3.3. Let U , σ and H be as above, then there is an embedding
Ψ: Hσ → H⊗ B
which is a homeomorphism onto a subspace K ⊂ H⊗B, preserves the fibers and is a mor-
phism of Hilbert B-modules on each of them. In case H is of B-finite rank, H may be chosen
to be finite-dimensional.
Proof. Let H be a separable Hilbert space of countable dimension. By Kasparov’s stabi-
lization theorem, H is isomorphic to a direct summand in H ⊗ B, i.e. there is a projection
p0 ∈ L−B(H ⊗ B) = M(K−B(H ⊗ B)) = M(K ⊗ B) in the stable multiplier algebra of B
with H ≃ p0(H ⊗ B) as right Hilbert B-modules. By theorem 3.2 we may choose H to be
finite dimensional if H is of B-finite rank.
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Every element τ ∈ Aut(B) is continuous as a map B → B, when B is equipped with
the strict topology, therefore it extends to an automorphism Adτ ∈ M(B). If the latter is
identified with L−B(B), then Adτ (T ) = τ ◦ T ◦ τ−1, hence the notation. Now let σ : U →
Aut(B) be continuous with respect to the pointwise norm topology on Aut(B). Denote by
F the finite rank operators on H and let F⊗alg B be the algebraic tensor product, which is
dense in the C∗-algebraic tensor product K⊗B. We claim that idK ⊗ σ : U → Aut(K⊗ B)
is still continuous for the pointwise norm topology. Let ε > 0 and A ∈ K⊗B. Let fi ∈ F be
rank 1-operators and bi ∈ B be such that F =
∑C
i=1 fi⊗ bi ∈ F⊗algB satisfies ‖A−F‖ <
ε
4
.
Then we have
‖(idK ⊗ σ)(xn)(A)− (idK ⊗ σ)(x)(A)‖
≤ ‖(idK ⊗ σ)(xn)(A− F )‖+ ‖(idK ⊗ σ)(x)(F − A)‖+
C∑
i=1
‖fi ⊗ (σ(xn)− σ(x))(bi)‖
≤
ε
2
+
C∑
i=1
‖fi‖ · ‖(σ(xn)− σ(x))(bi)‖
By the pointwise norm continuity of σ, we may choose an N ∈ N such that the last summand
is smaller than ε
2
for all n > N proving the claim. Let T ∈ L−B(H⊗ B). By combining the
two extensions we end up with
AdidK⊗σ(T ) : U →M(K⊗ B) = L−B(H⊗ B) ; x 7→ AdidK⊗σ(x)(T )
which is continuous if the target space is equipped with the strict topology. Slightly abusing
the notation, we will denote this map by Adσ(T ). Likewise, every τ ∈ Aut(B) induces a
Banach space isomorphism of H⊗B onto itself via
τ˜ : H⊗B → H⊗ B ; v ⊗ b 7→ v ⊗ τ(b) .
Denote by L(H ⊗ B) the bounded linear maps on the Banach space H ⊗ B. A calculation
similar to the one given above shows that the map induced by σ˜, i.e. σ˜ : U → L(H⊗ B) is
strongly continuous. As a map between Hilbert B-modules σ˜(x) maps H⊗B to (H⊗B)σ(x).
Let px = Adσ(x)−1(p0). Let ιH : H → H⊗B be the injection onto p0(H⊗B) and set
(3) K = {(x, v) ∈ U × (H⊗ B) | px v = v} .
There is a map of spaces fibered in Hilbert B-modules, which is fiberwise a Hilbert B-module
isomorphism. It is given by
Ψ: Hσ → K ; (x, v) 7→
(
x, σ˜(x)−1 (ιH(v))
)
with inverse
Φ: K → Hσ ; (x, v) 7→
(
x, ι−1H (σ˜(x)(v))
)
.
Indeed, we have px σ˜(x)
−1(ιH(v)) = σ˜(x)
−1(p0 ιH(v)) for v ∈ Hσ(x), therefore Ψ is well-
defined. Since p0(σ˜(x)(v)) = σ˜(x)(pxv) = σ˜(x)(v) for (x, v) ∈ Kx, Φ is well-defined. Using
the strong continuity of x 7→ σ˜(x)−1, it is easy to see that Φ and Ψ are continuous. It is
clear that they are inverse to each other and a small calculation shows that they preserve
the right B-module structure and the inner products. Therefore we have embedded Hσ as a
subspace K into the trivial right Hilbert B-module bundle H⊗ B over U . 
8 ULRICH PENNIG
Lemma 3.4. Let U , H and σ be as in lemma 3.3 and suppose additionally that H is of
B-finite rank. Then each point y ∈ U has a neighborhood y ∈ V ⊂ U such that there exists
a homeomorphism, which is fiberwise an isomorphism of right Hilbert B-modules
κV : V ×Hσ(y) → Hσ
trivializing the bundle around y.
Proof. Fix y ∈ U and let K, p0 and px be defined as in lemma 3.3 (see (3)) with H finite
dimensional. Since we can identify Hσ with its image K ⊂ U × (H ⊗ B) it suffices to show
that K → U is locally trivial. Let n = dimH and note that p0 ∈ Mn(B) = K−B(H ⊗ B),
therefore
Λ: U → L−B(H⊗ B) ; x 7→ px = Adσ(x)−1(p0) .
is not just strictly continuous, but also norm-continuous. Thus, there is a small neighborhood
V ⊂ U of y, such that ‖px − py‖ < 1 for all x ∈ V . It follows that px and py are unitarily
equivalent via ux ∈ M(Mn(B)), which is constructed as follows: Define vx = 1 − px − py +
2pxpy ∈M(Mn(B)), which is norm continuous. Then we have vxv∗x = v
∗
xvx = 1− (px − py)
2,
which is invertible and also norm continuous as a function in x. Therefore ux = vx|vx|−1
is a unitary, which satisfies pxux = ux py. All operations applied to vx this way are norm
continuous, therefore x 7→ ux is a fortiori strictly continuous. The local trivialization of K
over V is now given by
κ˜V : V ×Ky → K ; (x, v) 7→ (x, uxv)
with inverse induced by u∗x. 
The previous lemma worked because of the following rigidity result, which we state as
a separate corollary, since it may be of interest in itself.
Corollary 3.5. Let A be a C∗-algebra. Suppose U is a path-connected space and σ : U →
Aut(A) is a continuous map. Let t ∈ Mn(A) be a projection. Then for any two points
x, y ∈ U the projections σ(x)(t) and σ(y)(t) are unitarily equivalent.
Proof. Choose a path in U connecting x and y parametrized by I = [0, 1]. It suffices to see
that
J = {z ∈ I | σ(z)(t) ∼ σ(x)(t)}
is all of I, where ∼ denotes unitary equivalence. But arguing just like in lemma 3.4 we see
that the set J is open and closed in I. 
Corollary 3.6. Let A be a unital C∗-algebra and suppose Aut(A) is path-connected in the
point-norm topology. Then the image of Aut(A) in Pic(A) is a normal subgroup.
Proof. Let H be an A-A-Morita equivalence and let σ ∈ Aut(A). We need to show that
H⊗AAσ⊗AH∗ ≃ Hσ⊗AH∗ is isomorphic as an A-A-bimodule to Aτ for some automorphism
τ ∈ Aut(A). Since H is finitely generated and projective as a right Hilbert A-module, there
is a projection t ∈ Mn(A) and an isomorphism H ≃ tAn as right Hilbert A-modules. The
left multiplication induces a C∗-algebra isomorphism ψ : A → tMn(A) t, such that we can
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identify H as a bimodule with tAn, where the left multiplication is given by ψ. The left
inner product then corresponds to
A〈v, w〉 = ψ
−1(v 〈w, · 〉A)
where the brackets on the right hand side denote the right inner product of tAn and
v 〈w, · 〉A ∈ tMn(A) t is the rank 1-operator induced by v and w. Since we assumed Aut(A)
to be path connected, we get a unitary u ∈ Mn(A) with Adu ◦ σ−1(t) = t by corollary 3.5.
Note that
τ : A→ A ; a 7→ (ψ−1 ◦ Adu ◦ σ
−1 ◦ ψ)(a)
defines an automorphism of A. Observe that
Θ: Hσ → τH ; v 7→ u σ
−1(v) .
is well-defined as an A-A-bimodule morphism since
Θ(a · v) = u σ−1(a · v) = u σ−1(ψ(a)v) = (Adu ◦ σ
−1 ◦ ψ) Θ(v) = τ(a) ·Θ(v) .
It also preserves the inner products, since
〈u σ−1(v), u σ−1(w)〉τA = σ
−1 (〈v, w〉A) = 〈v, w〉
σ
A
A〈u σ
−1(v), u σ−1(w)〉τ = (τ−1 ◦ ψ−1)
(
u σ−1(v) 〈u σ−1(w), · 〉A
)
= (τ−1 ◦ ψ−1)
(
Adu ◦ σ
−1 (v 〈w, · 〉A)
)
= ψ−1 (v 〈w, · 〉A) = A〈v, w〉
σ
Therefore it yields an isomorphism of Morita equivalences and we have
Hσ ⊗A H
∗ ≃ τH ⊗A H
∗ ≃ τA ≃ Aτ−1
proving the claim. 
Remark 3.7. To be of B-finite rank is a sufficient condition for Hσ to be locally trivial as
we have seen above. But, it is not necessary: For example, if H = H⊗B, then Hσ is trivial
as a bundle of right Hilbert B-modules via (x, v ⊗ b) 7→ (x, v ⊗ σ(x)−1(b)). This holds in
particular for H = C.
However, remark 2.4 suggests that in case B is not of continuous trace there may be a
map σ : U → Inn(B) such that there is a point x ∈ U , for which no local lift of σ to U(B)
exists. If p ∈ U(Mn(B)) is a projection on which σ(x) acts non-trivially, then for H = B
n
the bundle Hσ is not locally trivial.
Let B and C be C∗-algebras and let H be a right Hilbert B-module and K be a right
Hilbert C-module. If we have a ∗-homomorphism ϕ : B → L−C(K), we can form the interior
tensor product with respect to ϕ similar to definition 2.8, i.e. H⊗ϕK is the algebraic tensor
product modulo the relation hb⊗k = h⊗ϕ(b)k, completed with respect to the norm induced
by the inner product
〈h1 ⊗ k1, h2 ⊗ k2〉B = 〈k1, ϕ(〈h1, h2〉A)k2〉B .
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If H → U is a locally trivial bundle of right Hilbert B-modules with trivial fiber H and
structure group U−B(H), K is a right Hilbert C-module as above and ψ : B → K−C(K) is a
∗-homomorphism, we can form the tensor product H⊗ψ K, which as a set is just
(4) H⊗ψ K =
∐
x∈X
{x} × (Hx ⊗ψ K) .
The topology we impose on this space is chosen in such a way that local trivializations are
homeomorphisms. This is achieved as follows: Cover U by open sets Ui over which H is
trivializable and choose trivializations κi : H|Ui → Ui × H . Then κi ⊗ idK : H⊗ψ K|Ui →
Ui× (H ⊗ψK) trivializes the above bundle over Ui, such that we can pull back the topology
of Ui × H ⊗ψ K to the subbundle H⊗ψ K|Ui. Let cij = κj ◦ κ
−1
i be the U−B(H)-cocycle
associated toH, which we interpret as a map Uij → U−B(H). To see that the local topologies
patch together to form a topology on H⊗ψK we only have to check that the induced cocycle
cij ⊗ idK : Uij → U−C(H ⊗ψ K) is continuous with respect to the strict topology, which can
be seen by an argument similar to the one used in the proof of the continuity of idK ⊗ σ in
lemma 3.3.
If H is of B-finite rank and σ ∈ Aut(B), then the bundle Hσ is locally trivial (see
lemma 3.4). Therefore we can define the bundle Hσ ⊗ψ K. Suppose ψ : U × B → K−C(K)
is a continuous map, which is an isomorphism of C∗-algebras at every x ∈ U . Let Hψ−1
be the right Hilbert K−C(K)-module, where the right module structure at a point x ∈ U is
induced by ψ−1(x). Fix a point x0 ∈ U and let ψ0 : U × B → K−C(K) map every x ∈ U to
the isomorphism at x0. Then we have
Hψ−1 =
(
Hψ−1◦ψ0
)
ψ−10
,
where ψ−1 ◦ ψ0 : U → Aut(B), therefore Hψ−1 is locally trivial, which allows us to define
(5) H ⊗ψ K := Hψ−1 ⊗K−C(K) K ,
with respect to the identity map on K−C(K). The notation of this locally trivial Hilbert
C-module bundle stems from the fact that the fiber at x ∈ U is equal to H ⊗ψ(x) K as a
right Hilbert C-module.
In a similar fashion as we did above, we can impose a topology on the bundle K−B(H),
whose fiber over x ∈ U consists of the compact adjointable B-linear endomorphisms of Hx.
Note that this bundle is trivial in the case of Hσ, i.e. K−B(Hσ) = K−B(H). Since we assumed
ψ to be an isomorphism at each point we also get
(6) K−C(H ⊗ψ K) ≃ K−B(Hψ−1) = K−B(H) ,
where the first isomorphism is the inverse of T 7→ T ⊗ψ idK .
Definition 3.8. Let X be a topological space. A continuous, locally trivial fiber bundle
π : H → X is called an (A-B-)bimodule bundle if each fiberHx = π−1(x) carries the structure
of a Hilbert A-B-bimodule isomorphic to some typical fiber H and the structure group
reduces to UAB(H). H will be called Morita bundle if all fibers are Morita equivalences.
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Since we want the bimodule structure to vary over X , which yields a bundle with fibers
that are not isomorphic as bimodules, we need a weaker notion of Morita bundle. For the
rest of this chapter we will assume A and B to be unital C∗-algebras.
Definition 3.9. Let X be a connected topological space. A continuous, locally trivial fiber
bundle π : H → X is called a twisted A-B-Morita bundle, if it is a left Hilbert A-module
bundle with full typical fiber H and structure group UA−(H), together with an isomorphism
(7) X ×Bop → KA−(H)
of algebra bundles, which turns each fiber into an A-B-Morita equivalence. An isomorphism
of twisted A-B-Morita bundles is an isometric isomorphism Ψ: H → H′ of left Hilbert
A-module bundles intertwining the corresponding algebra bundle maps:
X ×Bop // KA−(H)
AdΨ

X ×Bop // KA−(H′)
If X is not connected, a twisted A-B-Morita bundle H → X is a twisted Morita bundle over
each of its connected components, where the typical fiber may change from one component
to the other.
Lemma 3.10. Let H → X be a twisted A-B-Morita bundle, then it is also a right Hilbert
B-module bundle in a canonical way together with an isomorphism
X × A→ K−B(H)
of bundles of algebras.
Proof. Since every left Hilbert A-module H is in a canonical way a Hilbert A-KA−(H)-
bimodule and all fibers of KA−(H) are identified with B via (7), the fibers of H are indeed
also full right Hilbert B-modules in a canonical way. In particular, the typical fiber H
is a right Hilbert B-module. For if we fix a point x0 ∈ M and an isomorphism Hx0 ≃ H ,
H inherits the Hilbert B-module structure of the fiber. Now we fix a right Hilbert B-module
structure on H together with an isomorphism KA−(H) ≃ B. We need to prove that H is
locally trivial as a right Hilbert B-module bundle. So, fix a point y ∈M and a neighborhood
U ∋ y allowing a trivialization κU : U ×H → H|U as a left Hilbert A-module bundle. This
induces an isomorphism of the trivial algebra bundle over U via
B × U → KA−(H|U)→ KA−(H)× U ≃ B × U ,
which can be seen as a map σ : U → Aut(B), such that
κU : U ×Hσ → H|U
is fiberwise an isomorphism of bimodules in the notation of lemma 3.3. By lemma 3.4 (which
applies due to remark 2.6 since A and B are unital) there exists a neighborhood V of y, such
that H|U is trivial over V as a right Hilbert B-module bundle. If H is a full left Hilbert
A-module and C = KA−(H), then K−C(H) = IA = A. Applying this to the fibers yields the
trivialization X ×A→ K−B(H), i.e. it maps (x, a) to the endomorphism v 7→ a · v, where v
lives in the fiber Hx. 
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Corollary 3.11. If H → X is a twisted A-B-Morita bundle, then the space H∗, which we
get by taking the conjugate fiberwise, is a twisted B-A-Morita bundle.
Proof. By lemma 3.10 we can see H as a right Hilbert B-module bundle together with a map
Ψ trivializing K−B(H) via A. Taking the fiberwise conjugate therefore yields a left Hilbert
B-module bundle. The right A-action is given by the map
X × Aop → KB−(H) ,
which sends (x, a) to Ψ(x, a)∗. 
Example 3.12. Let A = Mn(C). Note that Aut(A) = Inn(A) = PU(n) and that up to
isometric isomorphism A = Mn(C) is the only A-A-Morita equivalence. Therefore a twisted
A-A-Morita bundle H over X should induce an honest A-A-Morita bundle, which we will
now determine. By definition H is a principal U(n)-bundle P → X such that
H = P ×U(n) Mn(C)
where U(n) acts via the canonical right action. The associated automorphism bundle P ×Ad
PU(n) is trivializable. Thus, from the exact sequence of pointed sets
H1(M,U(1))→ H1(M,U(n))→ H1(M,PU(n))
we see that P actually reduces to a principal S1-bundle, which we continue to denote by P .
Therefore H has the form
H = P ×U(1) Mn(C) = L1 ⊗Mn(C) ,
where L1 is the line bundle associated to P , together with a bundle isomorphism
X ×Mn(C)→ X ×Mn(C) ,
which we can see as a map σ : X → PU(n). Pulling back the principal U(1)-bundle U(n)→
PU(n) via σ we get another associated line bundle L2 → X . A simple calculation shows
that
X ×Mn(C)σ ≃ L
∗
2 ⊗Mn(C)
as a bundle of Hilbert A-A-bimodules (where we use the notation of lemma 3.3). Let L =
L1 ⊗ L∗2, then we get an isomorphism H ≃ L⊗Mn(C) as a bimodule bundle.
3.1. Twisted tensor products. Now, suppose that H is a twisted A-B-Morita bundle
over X with typical fiber H , likewise let N be a twisted B-C-Morita bundle over the same
space with fiber N . H is a right Hilbert B-module bundle and we have a trivialization
ψ : X × B → K−C(N ) if we view N as a right Hilbert C-module bundle. So we should be
able to define a tensor product of twisted Morita bundles: As a set we simply take
H⊗B N =
∐
x∈X
{x} × Hx ⊗ψ(x) Nx .
Let π : H⊗BN → X be the canonical projection. Again, we impose a topology on this space
in such a way that local trivializations are homeomorphisms, but this time we use H ⊗ψ N
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as a model space (see (5)). Cover X by open sets Ui, such that H and K are trivial over Ui
via trivializations κi : H|Ui → Ui ×H and τi : N|Ui → Ui ×N respectively. Let
ψi : Ui × B → K−C(N) ; ψi(x, b) = τi(x, ·) ◦ ψ(x, b) ◦ τ
−1
i (x, ·) ∈ K−B(N)
and note that κi⊗τi : H⊗B N|Ui → H ⊗ψi N is well defined on the algebraic tensor product,
since for h ∈ Hx and n ∈ Nx we have
(κi ⊗ τi)(h b⊗ n) = κi(h)b⊗ τi(n) = κi(h)⊗ ψi(x, b)τi(n)
= κi(h)⊗ τi(ψ(x, b)n) = (κi ⊗ τi)(h⊗ ψ(x, b)n)
and a similar calculation shows that κi⊗τi preserves the C-valued inner product. Therefore it
extends to an isomorphism of right Hilbert C-module bundles over Ui. We equip H⊗B N|Ui
with the topology induced from H ⊗ψi N . Let cij : Uij → U−B(H) be the cocycle of H
obtained from κj ◦ κ
−1
i , likewise denote by dij : Uij → U−C(N) the one of N . To see that
the partial topologies patch together to form a topology on H⊗B N we need to see that the
following section
cij ⊗ dij : Uij → Iso(H ⊗ψi N,H ⊗ψj N)
of the bundle of isometric isomorphisms between H ⊗ψi N and H ⊗ψj N is continuous with
respect to the strict topology. Let (xk)k∈I be a net in Uij converging to x ∈ Uij and define
σi : Ui → Aut(B) by σi(y) = ψi(x)−1◦ψi(y), where we see ψi as a map Ui → Iso(B,K−C(N)).
Then we have
H ⊗ψi N = Hσ−1i ⊗ψi(x) N .
The cocycle cij can be viewed as a continuous bundle map cij : Hσ−1i
→ Hσ−1j intertwining
σi and σj , i.e. cij(h · σi(b)) = cij(h) · σj(b) due to the B-linearity of cij (the dot denotes the
twisted multiplication). Let V ⊂ Uij be an open neighborhood of x such that Hσ−1i and Hσ
−1
j
are trivial over V via
ϕiV : Hσ−1i
→ V ×H ,
then we need to check that (ϕjV ⊗ idN) ◦ (cij ⊗ dij) ◦ (ϕ
i
V ⊗ idN)
−1(xn) ∈ Iso(H ⊗ψi(x)
N,H ⊗ψj(x) N) converges strictly to its values at x for n > D, where D is chosen such that
xn ∈ V . Let L(H) be the bounded linear operators on the Banach space H and note that
c˜ij = ϕ
j
V ◦cij◦(ϕ
i
V )
−1 : V → L(H) is strongly continuous. Thus, we have for h⊗k ∈ H⊗ψi(x)N
‖(c˜ij ⊗ dij) (xn)(h⊗ k)− (c˜ij ⊗ dij) (x)(h⊗ k)‖
≤ ‖c˜ij(xn)(h)⊗ dij(xn)(k)− c˜ij(xn)(h)⊗ dij(x)(k)‖
+ ‖c˜ij(xn)(h)⊗ dij(x)(k)− c˜ij(x)(h)⊗ dij(x)(k)‖
≤ ‖h‖ · ‖dij(xn)(k)− dij(x)(k)‖+ ‖c˜ij(xn)(h)− c˜ij(x)(h)‖ · ‖k‖ ,
which tends to 0 for n large enough by the continuity of c˜ij and dij. This shows the strict
continuity on elementary tensors, so by the triangle inequality also on linear combinations
and by the density of the algebraic tensor product for any vector. Since (cij ⊗ dij)
∗ =(
c−1ij ⊗ d
−1
ij
)
= cji ⊗ dji we are done.
14 ULRICH PENNIG
Remark 3.13. Note that, if we do not assume H to be a twisted Morita bundle, but only
a locally trivial bundle of finitely generated projective right Hilbert B-modules, we are still
able to define H⊗BN , which will then be a locally trivial bundle of right Hilbert C-modules.
Likewise we can form the partial stabilization (H⊗ B)⊗B N for a separable Hilbert space
H of infinite dimension, even though H = H⊗B is not finitely generated as a right Hilbert
B-module, since in this case Hσ is trivial (see remark 3.7). The result will be a twisted
Morita (K⊗B)-C-bundle, in particular it is a locally trivial right Hilbert C-module bundle.
Thus, we can form the full stabilization (H⊗ B)⊗BN⊗C (H⊗ C), which is a twisted Morita
(K⊗B)-(K⊗ C)-bundle.
Definition 3.14. A Morita bundle gerbe for A over a manifold M is a fibration π : Y →M
together with a twisted A-A-Morita bundle H → Y [2] and an isomorphism of twisted Morita
bundles
µ : π∗12H⊗A π
∗
23H → π
∗
13H ,
which can be seen as a multiplication map and should satisfy the following associativity
condition over Y [3]:
(π∗12H⊗A π
∗
23H)⊗A π
∗
34H
µ⊗id

π∗12H⊗A (π
∗
23H⊗A π
∗
34H)
id⊗µ

π∗13H⊗A π
∗
34H
µ
))S
SS
SS
SS
SS
SS
SS
SS
π∗12H⊗A π
∗
24H
µ
uukk
kk
kk
kk
kk
kk
kk
k
π∗14H
Remark 3.15. Since Y plays the role of an auxiliary space, its most important property
is that the surjective projection map allows local sections. Thus, if we want to work in the
smooth category, we may change the definition from fibrations to surjective submersions.
Example 3.16. Let Q → Y be a twisted A-A-Morita bundle over Y , then the canonical
pairing Q∗ ⊗A Q → A turns H = π∗1Q⊗A π
∗
2Q
∗ into a Morita bundle gerbe. In analogy to
the situation for bundle gerbes this will be called the trivial Morita bundle associated to Q.
Example 3.17. Let G be a topological group and ϕ : G→ Aut(A) be a homomorphism. Let
P → M be a principal G-bundle. Since the action on the fibers of P is free and transitive,
there is a well-defined map g : P [2] → G sending (p1, p2) to the element g(p1, p2) ∈ G with
the property p1 · g(p1, p2) = p2. Note that g(p1, p2) · g(p2, p3) = g(p1, p3) Therefore
H = P [2] ×Aϕ◦g ,
where the fiber over (p1, p2) is the Hilbert A-A-bimodule Aϕ(g(p1,p2)) is a Morita bundle via
the multiplication map from example 2.11
µ : Aϕ(g(p1,p2)) ⊗A Aϕ(g(p1,p2)) → Aϕ(g(p1,p2)g(p2,p3)) = Aϕ(g(p1,p3)) .
Example 3.18. As a higher algebraic extension of the last example, consider the following:
Let Y → M be a fibration over a manifold M . The fiber product Y [2] defines a groupoid
with object space Y and the two projections as the source and range map. Suppose we have
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a weak action in the sense of [9] of Y [2] on A, i.e. continuous maps λ : Y [2] → Aut(A) and
g : Y [3] → U(A), such that
λ(y1, y2) ◦ λ(y2, y3) = Adg(y1,y2,y3) ◦ λ(y1, y3) ,
λ(y1, y2)(g(y2, y3, y4)) · g(y1, y2, y4) = g(y1, y2, y3) · g(y1, y3, y4) .
Then H = Y [2] × Aλ is a Morita bundle gerbe, where the multiplication map µ sends
Aλ(y1,y2) ⊗A Aλ(y2,y3) to Aλ(y1,y2)◦λ(y2,y3) via the canonical isomorphism and then uses right
multiplication by g(y1, y2, y3) to map into Aλ(y1,y3). The condition on g ensures the associa-
tivity of µ.
A special case of this arises from Busby-Smith twisted actions [8]. If a pair α : G →
Aut(A) and u : G×G→ U(A) yields such an action and P is a principal G-bundle over M
with ϕ : P [2] → G being the canonical map, then we can set λ = α◦ϕ and g = u◦(π∗12ϕ, π
∗
23ϕ)
to get a Morita bundle gerbe.
Example 3.19. Let A = Mn(C) be a matrix algebra. As we have seen in example 3.12
every twisted Morita bundle H → Y [2] takes the form L ⊗Mn(C) → Y [2] for a line bundle
L. Using the canonical Morita equivalence Cn between Mn(C) and C we can reduce H to
the line bundle L and the multiplication µ to a line bundle isomorphism, which turns L into
an S1-bundle gerbe.
Remark 3.20. If H → Y [2] is a Morita bundle gerbe and (y1, y2) ∈ Y [2], then µ induces an
isomorphism on the fibers:
H(y1,y1) ⊗A H(y1,y2) ≃ H(y1,y2) ⇒ H(y1,y1) ≃ H(y1,y2) ⊗A H
∗
(y1,y2) ≃ A .
So, the diagonal is isomorphic to the trivial Hilbert A-A-bimodule A, but this means that
the typical fiber of H over the connected component of the diagonal in Y [2] is isomorphic
to A as a left (or equivalently right) Hilbert A-module, but of course not as a bimodule.
Moreover, we get an isomorphism
H(y1,y2) ⊗A H(y2,y1) ≃ H(y1,y1) ≃ A ⇒ H(y1,y2) ≃ H
∗
(y2,y1) .
Let ∆: Y → Y [2] be the embedding onto the diagonal in the fiber product, then we set
∆H = ∆∗H. If Hop is the pullback of H via the switch map Y [2] → Y [2] sending (y1, y2) to
(y2, y1), then H
∗ ≃ Hop ⊗A π
∗
Y∆H ≃ H
op. Note that the isomorphism ∆H ≃ A has to
be chosen. We have H⊗∆H ≃ H via µ and H⊗A→ H via right multiplication. But it is
a priori not clear that ∆H → A respects this structure. A Morita bundle gerbe H together
with an isomorphism, which respects the product, will be called unital.
Definition 3.21. Let H → Y [2] and H′ → Y ′[2] be two Morita bundle gerbes with respect
to A. Let πY [2] : (Y ×M Y
′)[2] → Y [2], πY ′[2] : (Y ×M Y
′)[2] → Y ′[2] be the canonical projections
and let πi : (Y ×M Y ′)[2] → Y ×M Y ′ be the projection to the ith factor. If there exists a
twisted A-A-Morita bundle Q → Y ×M Y ′, such that
π∗
Y [2]
H ≃ π∗1Q⊗A π
∗
Y ′[2]
H′ ⊗A π
∗
2Q
∗ ,
then H and H′ will be called stably equivalent. As we will see, this is an equivalence relation,
which is weaker than isomorphism of Morita bundle gerbes. The stable equivalence classes
of twisted Morita bundles gerbes for A over M will be denoted by Twists(M,A). This
16 ULRICH PENNIG
is a pointed set with the class of the trivial Morita bundle gerbe M = M [2] × A → M as
distinguished element.
Of course, we need to show that the above definition indeed yields an equivalence re-
lation. For the proof of transitivity and in many places later we will need the next lemma,
which is essentially a folklore result. We include the easy proof for the convenience of the
reader, since the lemma will play quite a fundamental role in the following.
Lemma 3.22. Let E → Y be a locally trivial bundle with fiber V over the total space of a
fibration π : Y →M . Assume that there is a bundle isomorphism
φ : π∗2E
≃
−→ π∗1E ,
where πi : Y
[2] → Y denote the canonical projections. If the following associativity diagram
over Y [3] commutes,
π∗3E
π∗23φ
//
π∗13φ ''O
OO
OO
OO
OO
OO
OO
π∗2E
π∗12φ

π∗1E
then there is a bundle E˜ →M with fiber V and an isomorphism E → π∗E˜. This construction
is functorial in the sense that a bundle endomorphism that commutes with φ induces an
endomorphism of E˜.
Proof. Cover M by contractible sets M ⊂
⋃
i∈I Ui and choose sections σi : Ui → Y . Let
Ei = σ
∗
iE and denote the maps induced by φ on the double intersections Uij = Ui ∩ Uj by
φij : Ej → Ei. Over the non-empty triple intersections Uijk = Ui ∩ Uj ∩ Uk the associativity
condition translates into the commutative diagram
Ek
φjk
//
φik
&&M
MM
MM
MM
MM
MM
MM
Ej
φij

Ei
In particular, setting k = j we see that φjj = idEj , from which we deduce φ
−1
ij = φji. It
follows that there is an equivalence relation over Uij generated by (j, v) ∼ (i, φij(v)) for
(j, v) ∈ Ej on the space
∐
i∈I Ei. Let
E˜ =
∐
i∈I
Ei / ∼
be the quotient by this relation. There is a canonical projection E˜ → M turning this space
into a locally trivial bundle with fiber V over M . Let φ(y2,y1) : Ey1 → Ey2 be the isomorphism
on the fibers of E induced by φ, then for [i, v] ∈ E˜ and y ∈ Y we define
π∗E˜ → E ; (y, [i, v]) 7→ φ(y, σi(π(y)))(v) ,
which is well-defined, since for π(y) ∈ Uij we have
φ(y, σj(π(y)))(v) = φ(y, σi(π(y)))(φij(v)) .
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It is an isomorphism with inverse
E → π∗E˜ ; v 7→ (y, [i, φ(σi(π(y)),y)(v)])
for v ∈ Ey. 
Remark 3.23. Suppose Q → Y ′ ×M Y induces a stable equivalence between two Morita
bundle gerbes H → Y [2] and H′ → Y ′[2], i.e. there is an isomorphism
π∗
Y ′[2]
H′ ≃ π∗1Q⊗A π
∗
Y [2]
H⊗A π
∗
2Q
∗
On the fibers, this yields for ((y′1, y
′
2), (y1, y2)) ∈ Y
′[2] ×M Y [2]
(8) H′(y′1,y′2) ≃ Q(y
′
1,y1)
⊗A H(y1,y2) ⊗A Q
∗
(y′2,y2)
,
which induces an isomorphism Q(y′1,y1) ⊗A H(y1,y2) → H
′
(y′1,y
′
2)
⊗A Q(y′2,y2). The compatibility
with the multiplication maps µ and µ′ translates into the following commutative diagram
H′(y′1,y′2) ⊗A Q(y
′
2,y1)
⊗A H(y1,y2) //

H′(y′1,y′2) ⊗A H
′
(y′2,y
′
3)
⊗A Q(y′3,y2)
µ′⊗idQ

Q(y′1,y3) ⊗A H(y3,y1) ⊗A H(y1,y2)
idQ⊗µ
**VV
VV
VV
VV
VV
VV
VV
VV
VV
H′(y′1,y′3) ⊗A Q(y
′
3,y2)
tthhh
hh
hh
hh
hh
hh
hh
hh
h
Q(y′1,y3) ⊗A H(y3,y2)
Therefore Q may be thought of as an intertwiner between H and H′, which is compatible
with the multiplicative structures.
Corollary 3.24. Let Y → M be as in the last lemma and suppose Q → Y is a twisted
A-B-Morita bundle over Y . If there is an isomorphism φ : π∗2Q → π
∗
1Q of twisted Morita
bundles, which satisfies the conditions of lemma 3.22, then there is a twisted A-B-Morita
bundle Q˜ over M , such that Q ≃ π∗Q˜.
Proof. By the last lemma, Q descends to a bundle Q˜ of left Hilbert A-modules over M and
Y [2] × Bop //
''O
OO
OO
OO
OO
OO
π∗2KA−(Q)
Adφ

π∗1KA−(Q)
commutes. Thus, we get an induced trivialization M ×Bop → KA−(Q˜). 
Corollary 3.25. Stable equivalence is an equivalence relation, which is weaker than isomor-
phism of Morita bundle gerbes.
Proof. To see thatH is equivalent to itself, chooseQ = H and use the isomorphismH∗ ≃ Hop
together with the multiplication µ onH. Similarly it follows that stable equivalence is weaker
than isomorphism of Morita bundle gerbes. To see symmetry simply exchange the roles of
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H and H′ and replace Q by Q∗. The hardest part is proving transitivity. Let H, H′ be
equivalent via Q, let H′ and H′′ be equivalent via Q′ → Y ′ ×M Y ′′. Let
Q¯ = (π∗Y×MY ′Q)⊗A (∆H
′)⊗A (π
∗
Y ′×MY ′′
Q′)→ Y ×M Y
′ ×M Y
′′ .
On the fibers of Q¯ we have
Q(y,y′1) ⊗A H
′
(y′1,y
′
1)
⊗A Q
′
(y′1,y
′′) ≃ Q(y,y′1) ⊗A H
′
(y′1,y
′
2)
⊗A H
′
(y′2,y
′
2)
⊗A H
′
(y′2,y
′
1)
⊗A Q
′
(y′1,y
′′)
≃ H(y,y) ⊗A Q(y,y′2) ⊗A H
′
(y′2,y
′
2)
⊗A Q
′
(y′2,y
′′) ⊗A H
′′
(y′′,y′′)
≃ Q(y,y′2) ⊗A H(y′2,y′2) ⊗A Q
′
(y′2,y
′′)
where the last isomorphism pulls the outer factors back to the middle one and multiplies
them. Using the intertwining properties of Q and Q′ it is straightforward to see that the
induced isomorphism π¯∗1Q¯ ≃ π¯
∗
2Q¯ (with π¯i : Y ×M (Y
′)[2]×M Y ′′ → Y ×M Y ′×M Y ′′ the two
canonical projections) satisfies the conditions in corollary 3.24. Hence it induces a twisted
Morita bundle Q◦Q′ over Y ×M Y ′. Note that (Q◦Q′)∗ ≃ (Q′)∗◦Q∗. Since the isomorphism
π∗(Y ′′)[2]H
′′ ≃ π∗1Q¯ ⊗A π
∗
Y [2]
H⊗A π
∗
2Q¯
∗
commutes with the action used to define Q ◦ Q′, it descends to a stable equivalence over
Y ×M Y
′′. 
Lemma 3.26. If A and B are unital C∗-algebras, which are Morita equivalent via a Hilbert
A-B-bimodule S, then the latter induces a bijection between the pointed sets
Twists(M,A) ≃ Twists(M,B) .
In particular for any n ∈ N and S = An we get the matrix stability of this set, i.e.
Twists(M,A) ≃ Twists(M,Mn(A)).
Proof. Let H be a Morita bundle gerbe with respect to A over M and H′ be a Morita bundle
gerbe with respect to B. Then the bijection is induced by the operations
H 7→ S∗ ⊗A H⊗A S and H
′ 7→ S ⊗B H
′ ⊗B S
∗
This descends to stable equivalence classes, since the bundles Q can be conjugated with S
as well, i.e. S∗⊗AQ⊗AS. Since S∗⊗AS ≃ B and S⊗B S∗ ≃ A, this induces a bijection. 
3.2. Stable Morita bundle gerbes. In this chapter we are going to discuss the stabiliza-
tion of Morita bundle gerbes. Since our definition of the twisted tensor product relies on
the local triviality of bundles of the form Hσ, we have to be careful when dealing with non-
unital C∗-algebras and Hilbert modules, which are not finitely generated (see remark 3.7).
Nevertheless, we are still able to define twisted Morita bundles and Morita bundle gerbes for
stabilizations of unital algebras just as above. The tensor product used to define the latter
yields a locally trivial bundle since the typical fiber is isomorphic to the algebra itself as a
left or right module.
Definition 3.27. Let A be a unital C∗-algebra. Denote by As = A⊗K the stabilization of
A. A Morita bundle gerbe Hs for As will be called stable Morita bundle gerbe. Likewise, a
twisted Morita bundle for As will be called stable twisted Morita bundle.
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Lemma 3.28. Every stable Morita bundle gerbe is up to isomorphism of the form given in
example 3.18. Moreover, every twisted Morita As-As-bundle over X is of the form X×(As)σ
for a continuous map σ : X → Aut(As).
Proof. Let Hs be a stable Morita bundle gerbe. The unitary group U(As) = U(M(A ⊗K))
is contractible. This was proven for the norm topology by Mingo in [23]. The proof for the
strict topology is easier, indeed the argument sketched in [34, exercise 2.M] not only proves
the path-connectedness, but also the strict contractibility of U(M(A ⊗ K)). Therefore the
classifying space of this group is just a point, i.e. every bundle of Hilbert As-modules is
trivial. In particular Hs = Y [2] × (As)λ for a continuous map λ : Y [2] → Aut(As). Since
µ is an isometric isomorphism of trivial left Hilbert As-module bundles with fiber As, it is
induced by a continuous map g : Y [3] → U(As). The associativity implies the condition on g
from example 3.18.
If Q → X is a twisted As-As-Morita bundle, then its typical fibers are isomorphic to As
as left Hilbert As-modules, since any Morita self-equivalence of As is of the form (As)τ for
some element τ ∈ Aut(As). Again by the contractibility of U(As), it is topologically trivial
and the trivialization of the compact operator bundle yields the map σ : X → Aut(As). 
Due to the last lemma, the conjugate bundle of a twisted As-As-Morita bundle Q =
X×Aσ exists and is isomorphic to X×Aσ−1 . So far, this was not so clear, since corollary 3.11
only works for unital algebras. Thus, there is a well-defined notion of stable equivalence of
stable Morita bundle gerbes and a pointed set Twists(M,As). In the stable situation we
can apply the Packer-Raeburn-stabilization trick, which yields the following result, which is
essentially proposition 5.2 in [9].
Lemma 3.29. Suppose Y is an orientable manifold, then every stable Morita bundle gerbe
Hs → Y [2] is isomorphic to one, where the map g : Y [3] → U(As) is constantly equal to 1.
Proof. Let H = L2(Y ) with respect to the measure induced by some Riemannian metric
on Y . Identify K with the compact operators on this Hilbert space and U(As) with the
unitary operators u : H ⊗ As → H ⊗ As. Note that H ⊗ As = L2(Y,As). By lemma 3.28,
Hs = Y [2] × (As)λ for a pair (λ, g). We abbreviate g(y1, y2, y3) by g123 and λ(y1, y2) by λ12.
Let
V : Y [2] → U(As) ; (V (y1, y2)f) (y3) = g
−1
123 · f(y3) .
We use the abbreviation V12 = V (y1, y2). Then (λ12(V23)f)(y4) = λ12(g
−1
234) · f(y4) and we
have
(V12 λ12(V23) g123 · f)(y4) = g
−1
124 · λ12(g
−1
234) · g123 · f(y4)(9)
= g−1134 · g
−1
123 · g123 · f(y4) = g
−1
134 · f(y4) = (V13f)(y4) ,
where we applied the condition on g from example 3.18. Set λ′12 = AdV12 ◦ λ12, then
λ′12 ◦ λ
′
23 = AdV12 ◦ λ12 ◦ AdV23 ◦ λ23 = AdV12λ12(V23) ◦ λ12 ◦ λ23
= AdV12λ12(V23)g123 ◦ λ13 = AdV13 ◦ λ13 = λ
′
13 .
Therefore (λ′, 1) satisfies the conditions of example 3.18 and yields a Morita bundle gerbeH′s.
The isomorphism Hs → H′s is now given by right multiplication with V
∗ and equation (9)
shows that it intertwines the two multiplication maps. 
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Remark 3.30. If we are only interested in stable equivalence classes of Morita bundle gerbes,
the condition on Y is no restriction: Up to stable equivalence, every Morita bundle gerbe
can be realized over an orientable manifold Y as we will see in the next section, which will
also reveal the connection to nonabelian cohomology sets.
The algebras A and As are Morita equivalent via the Hilbert As-A-bimodule H ⊗ A,
where H is a separable Hilbert space of infinite dimension. The latter is finitely generated
and projective as a Hilbert As = A⊗K-module, since H⊗A = A⊗ (K e1) = (A⊗K)(1⊗e1),
where e1 is a rank 1-projection. Thus,
Hs 7→ (H⊗A)⊗As Hs ⊗As (H⊗ A)
∗
turns a stable Morita bundle gerbe into an unstable one. But by remark 3.7 the map
H 7→ (H⊗ A)⊗A H⊗A (H⊗ A)
∗
is also well-defined and stabilizes a Morita bundle gerbe. Both operations are inverse to
each other and descend to stable equivalence classes, since the latter can be (un)stabilized
similarly. Thus, we have proven
Lemma 3.31. The matrix stability of Twists(M,A) from lemma 3.26 extends to a bijection
Twists(M,A) ≃ Twists(M,As) induced by the bimodule H⊗A, i.e. the stable equivalence
classes of Morita bundle gerbes H with respect to A are in 1 : 1-correspondence with the
stable equivalence classes of stable Morita bundle gerbes Hs.
3.3. Nonabelian Cohomology. In this section we will establish the connection of our
results on Morita bundle gerbes with nonabelian cohomology theory, more precisely with
the notion of Cˇech cohomology with values in a crossed module. We will not dig too deeply
into the categorical background of this setup, which can be found for example in [27], but
we will use the notion of cocycles and coboundaries straight away. To define the analogue
of the Dixmier-Douady class, we need an additional assumption on the C∗-algebras: There
is an exact sequence
(10) 1→ Inn(A)→ Aut(A)→ Pic(A) ,
in which the last map is not surjective in general [6, Proposition 3.1]. For example for
the commutative C∗-algebra C(M) the Picard group is a semi-direct product of the home-
omorphisms with H2(M,Z), whereas Aut(A) consists just of the homeomorphisms. This
motivates the following definition
Definition 3.32. A C∗-algebra will be called Picard surjective, if the last map in (10) is
surjective.
Example 3.33. The following C∗-algebras are Picard surjective
• matrix algebras Mn(C), in fact Pic(Mn(C)) is trivial in this case,
• commutative C∗-algebras C0(X), where H2(X,Z) = 0,
• noncommutative tori Aθ if θ is not quadratic [20, Corollary 9],
• all stable C∗-algebras and the results in this section will hold for stable Morita bundle
gerbes [6]
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This last example is probably the most important, since it will imply that a Morita bundle
gerbe always has a Dixmier-Douady class after stabilization. Note that, if A is Picard
surjective, then Mn(A) is Picard surjective as well for all n ∈ N.
Definition 3.34. Let G and H be topological groups and α : G→ H be a group homomor-
phism. The triple (G,H, α) is called a crossed module if H acts from the left on G, where
the action will be denoted by hg for h ∈ H and g ∈ G, such that the following conditions
are satisfied:
i) α(g
′)g = g′g(g′)−1
ii) α(hg) = hα(g)h−1
Example 3.35. The adjoint action α = Ad: U(A) → Aut(A) together with the action
ϕu = ϕ(u) for ϕ ∈ Aut(A) and u ∈ U(A) defines a crossed module.
Definition 3.36. A cover Ui ⊂M is called good if all sets Ui as well as all higher intersections
Ui1i2...in =
⋂n
j=1 Uij are either empty or contractible.
Definition 3.37. Let α : G → H be a crossed module and let Ui ⊂ M be a good cover
of M . A non-abelian Cˇech 1-cocycle for the crossed module (G,H, α) is a family of maps:
λij : Uij → H ,
gijk : Uijk → G
such that λij ◦λjk = α(gijk)λik and
(
λijgjkl
)
gijl = gijk gikl. Two cocycles (λ•, g•) over Ui and
(λ′•, g
′
•) over U
′
j are called equivalent or cohomologous, if there is a good refinement Vi of the
cover Uk ∩ U ′l and two maps
ri : Vi → H ,
ϑij : Vij → G
such that λ′ij = α(ϑij) ri λij r
−1
j and g
′
ijk =
(
λ′ijϑjk
)
ϑij (
rigijk) ϑ
−1
ik over Vijk. A cocycle is
normalized if λii = 1 for all i ∈ I and gijk = 1 whenever two of the indices agree. A cocycle is
called trivial, if it is cohomologous to (λ• = 1, g• = 1). The pointed set of equivalence classes
of cocycles is denoted by Hˇ1(M,G
α
→ H) and will be referred to as the first non-abelian
cohomology with values in the crossed module (G,H, α).
Remark 3.38. Observe that the cocycle condition on λ• implies λii = α(giii). Moreover,
the condition on g• yields(
λiigiij
)
giij = giii giij ⇒ giij = giii ,(
λijgjjj
)
gijj = gijj gijj ⇒ gijj =
(
λijgjjj
)
.
Thus, to check that a cocycle is normalized, we only need to see giji = 1 for all i, j ∈ I.
Every cocycle is cohomologous to a normalized one, for if we choose an ordering on the index
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set I and set
ri = α(giii)
ϑij =


g−1iji g
−1
iii if i < j
g−1iii if i = j
1 else
this yields a coboundary connecting (λ•, g•) with a normalized cocycle (λ
′
•, g
′
•) if the latter
is defined like in the previous paragraph.
3.3.1. The non-abelian cohomology class associated to a Morita bundle gerbe. Every non-
abelian Cˇech cocycle (λ•, g•) with values in (U(A),Aut(A),Ad) over a good cover Ui of M
gives rise to a Morita bundle gerbe via the following construction: Set
Y =
∐
i
Ui ,
then we have Y [2] =
∐
i,j Uij . Thus, λ• induces a map λ : Y
[2] → Aut(A), likewise g• yields
g : Y [3] → U(A). Now set H(λ,g) = Y [2]×Aλ. Since λ(y1, y2) λ(y2, y3) = Adg(y1,y2,y3) λ(y1, y3),
the multiplication map µ over Y [3] is just right multiplication by g, where the cocycle con-
dition on g ensures the associativity of µ.
Suppose Vk with index set J is a refinement of the cover Ui with index set I, i.e. for
every k ∈ J there is an i ∈ I with Vk ⊂ Ui. We choose such a value ι(k) ∈ I for each k ∈ J
and define
Y ′ =
∐
k
Vk , λ
′
kl = λι(k)ι(l)
∣∣
Vkl
, g′klm = gι(k)ι(l)ι(m)
∣∣
Vklm
.
We define the refinement of H(λ,g) with respect to the cover Vk to be the Morita bundle
gerbe H(λ′,g′).
Lemma 3.39. If two cocycles (λ•, g•) and (λ
′
•, g
′
•) are cohomologous, then the associated
Morita bundle gerbes H(λ,g) and H(λ′,g′) are stably isomorphic.
Proof. Suppose first that H(λ′,g′) → (Y ′)
[2] is a refinement of H(λ,g) → Y [2] like above. Since
Y ×M Y ′ =
∐
i,k Ui ∩ Vk, we set ρ(i,k) = λiι(k)
∣∣
Ui∩Vk
, which yields ρ : Y ×M Y ′ → Aut(A).
Let Q = (Y ×M Y
′)× Aρ. This is a twisted Morita bundle over Y ×M Y
′. Let τ(i,k) = ρ(k,i)
and Q′ = (Y ×M Y ′) × Aτ . Observe that Q∗ ≃ Q′ as twisted Morita bundles, where the
isomorphism Q′ → Q∗ is induced by right multiplication with gι(k)iι(k)gι(k)ι(k)ι(k). Thus,
π∗1Q⊗A π
∗
Y ′[2]
H(λ′,g′) ⊗A π
∗
2Q
∗ ≃ π∗1Q⊗A π
∗
Y ′[2]
H(λ′,g′) ⊗A π
∗
2Q
′ ≃ (Y ×M Y
′)
[2]
× Aχ
with χ(ij,kl) = λiι(k)λι(k)ι(l)λι(l)j . Right multiplication by giι(k)ι(l)giι(l)j induces an isomorphism
of twisted Morita bundles Aχ(ij,kl) → Aλij and therefore an isomorphism of Morita bundle
gerbes
π∗1Q⊗A π
∗
Y ′[2]
H(λ′,g′) ⊗A π
∗
2Q
∗ ≃ πY [2]H(λ,g) ,
where the compatibility with the bundle gerbe multiplication follows from the cocycle con-
dition.
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Now suppose that (λ•, g•) and (λ
′
•, g
′
•) are cohomologous cocycles connected by a co-
boundary (r•, ϑ•) like in definition 3.37. By our previous observation we may assume that
everything is defined over the double and triple intersections of a single cover Vk. In this
case Y = Y ′. Let ρ(i,k) = ri ◦ λik over Vi ∩ Vk and Q = (Y ×M Y
′) × Aρ. By a similar
reasoning as above, Q∗ is isomorphic to (Y ×M Y ′)×Aτ , where τ(i,k) = λki ◦ r
−1
i . Therefore
π∗1Q⊗A π
∗
Y [2]
H(λ,g) ⊗A π
∗
2Q
∗ ≃ π∗1Q⊗A π
∗
Y [2]
H(λ,g) ⊗A π
∗
2Q
′ ≃ (Y ×M Y
′)
[2] × Aχ
with χ(ij,kl) = riλikλklλljr
−1
j = riα(gikl gilj)λijr
−1
j = α(ri(gikl gilj)ϑ
−1
ij )λ
′
ij. Right multiplica-
tion by ri(gikl gilj)ϑ
−1
ij therefore yields an isomorphism
π∗1Q⊗A π
∗
Y [2]
H(λ,g) ⊗A π
∗
2Q
∗ ≃ π∗
Y ′[2]
H(λ′,g′) .
To see that this intertwines the bundle gerbe multiplications on H(λ,g) and H(λ′,g′), let λ¯ij =
riλijr
−1
j and g¯ijk = ri(gijk) and note that the right multiplication with ri(gikl gilj) identifies
(Y ×M Y ′)
[2]×Aχ with π∗Y ′[2]H(λ¯,g¯) in a compatible way, due to the cocycle condition on gijk.
By the definition of g′ijk the following diagram commutes:
A(riλijr−1j )(rjλjkr
−1
k )
·ϑ−1ij λ
′
ij(ϑ
−1
jk
)
//
·ri(gijk)

Aλ′ijλ′jk
·g′
ijk

Ariλikr−1k
·ϑ−1
ik
// Aλ′
ik
Thus, right multiplication by ϑ−1ij induces an isomorphism H(λ¯,g¯) ≃ H(λ′,g′) as Morita bundle
gerbes. 
If A is Picard surjective, any Morita self-equivalence is of the form Aσ for σ ∈ Aut(A).
In particular the typical fibers of a Morita bundle gerbe H for A or of a twisted A-A-Morita
bundle Q are isomorphic to A as left Hilbert A-modules. We will see that this enables us
to associate a non-abelian cohomology class to H by the following construction, which uses
the next easy lemma.
Lemma 3.40. Let H, H ′ be A-B-Morita equivalences, which are isomorphic as left Hilbert
A-modules via θ : H → H ′, then there is an automorphism ϕθ ∈ Aut(B) depending on θ,
such that
H ≃ H ′ϕθ
via h 7→ θ(h) as Hilbert A-B-bimodules, where the right action of B on H ′ϕθ is twisted by ϕθ.
Proof. Let ΨH : B
op → KA−(H) and ΨH′ : Bop → KA−(H ′) be the two algebra isomorphisms
defining the right action of B on H , respectively H ′. If H ′ is now twisted with
ϕθ : B
op ΨH−→ KA−(H)
Adθ−→ KA−(H
′)
Ψ−1
H′−→ Bop
then the isomorphism θ intertwines the two actions of B on H and H ′ϕθ . Using
ΨH(〈x, y〉B)(z) = A〈z, x〉y
we also see that θ preserves both inner products. 
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Let H be a Morita bundle gerbe for a Picard surjective C∗-algebra A. Choose a good
cover Ui of M such that there exist sections σi : Ui → Y of π : Y → M . Note that m 7→
(σi(m), σj(m)) yields a well-defined map to Y
[2] and set Hij = (σi, σj)∗H. This is a twisted
A-A-Morita bundle over Uij . Choose trivializations κij : Hij → A as left Hilbert A-module
bundles. By lemma 3.40 there is a map λij : Uij → Aut(A) induced by κij such that (Hij)x ≃
Aλij(x) as a Hilbert A-A-bimodule. Over the triple intersections we have the multiplication
map µ : Hij ⊗A Hjk → Hik, which induces the following isomorphism of twisted Morita
bundles
Aλijλjk → Aλij ⊗A Aλjk → Hij ⊗A Hjk →Hik → Aλik .
Since it is in particular an isomorphism of left Hilbert A-module bundles, it is given by right
multiplication with a unitary operator. Therefore it corresponds to a function gijk : Uijk →
U(A). Necessarily, we have λijλjk = Adgijkλik. Due to the associativity of µ, the following
diagram commutes
Aλijλjkλkl // Aλijλjk ⊗A Aλkl
·gijk⊗id
// Aλik ⊗A Aλkl
·gikl
// Aλil
Aλijλjkλkl // Aλij ⊗A Aλjkλkl
·id⊗gjkl
// Aλij ⊗A Aλjl
·gijl
// Aλil
which implies the cocycle identity. Thus, we end up with a cocycle ω(H) = (λ•, g•) ∈
Hˇ1(M,U(A)→ Aut(A)), which we will call the non-abelian Dixmier Douady class. We still
need to check that ω(H) is independent of the choices of σi and κij in its cohomology class.
This will follow from the next lemma.
Lemma 3.41. Let A be a Picard surjective C∗-algebra. The class ω(H) is independent of
all choices up to coboundaries and the assignment H → ω(H) induces a 1 : 1 correspondence
of Hˇ1(M,U(A)→ Aut(A)) with the stable equivalence classes of Morita bundle gerbes, i.e.
Twists(M,A) ≃ Hˇ1(M,U(A)→ Aut(A)) .
Proof. In fact, the proof that ω is well-defined on stable equivalence classes and that its class
is independent of choices both rest upon the same argument: If U ′i is another good cover
of M with sections σ′i : U
′
i → Y , pullback bundles H
′
ij and trivializations κ
′
ij : H
′
ij → Aλ′ij
for automorphisms λ′ij induced by κ
′
ij, then we choose a good refinement Vl of Ui ∩ U
′
j .
Let Ql = (σ′l, σl)
∗H. This is a twisted Morita bundle over Vl and due to remark 3.20 we
have Q∗l ≃ (σl, σ
′
l)
∗H as twisted Morita bundles. Therefore the bundle gerbe multiplication
induces an isomorphism
H′kl ≃ Qk ⊗A Hkl ⊗A Q
∗
l .
Now choose trivializations κkl : Hkl → Aλkl , κ
′
kl : H
′
kl → Aλ′kl and ρk : Qk → Ark . The
induced isomorphism Aλ′
kl
→ Arkλklr−1l is again given by right multiplication with a unitary
ϑkl ∈ U(A) and we have
λ′kl = Adϑkl rk λkl r
−1
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Since H′kl → Qk ⊗A Hkl ⊗A Q
∗
l is an isomorphism of Morita bundle gerbes and therefore
intertwines the multiplication maps we have a commutative square,
Aλ′
kl
λ′
lm
·g′
klm
//
·λ′
kl
(ϑlm)ϑkl

Aλ′
km
·ϑkm

Aλklλlm
·gklm
// Aλkm
which proves that the two cocycles are actually cohomologous.
It remains to prove that ω is well-defined and injective on stable equivalence classes. So
supposeH → Y [2] andH′ → (Y ′)[2] are two Morita bundle gerbes, which are stably equivalent
via Q → Y ×M Y ′. Choose good covers Ui and U ′i of M for H and H
′ like above and refine
Ui ∩ U ′j to a good cover Vl, for which there exist sections θl : Vl → Y ×M Y
′, let σl : Vl → Y
and σ′l : Vl → Y
′ be the induced sections of Y and Y ′. Set Ql = θ∗lQ, Hkl = (σk, σl)
∗H and
define H′kl similarly. The stable equivalence now yields an isomorphism of twisted Morita
bundles H′kl → Qk⊗AHkl⊗AQ
∗
l . Now proceed exactly as above to see that the corresponding
cocycles are cohomologous.
By lemma 3.39, the injectivity on stable isomorphism classes follows if we can prove
that H is stably isomorphic to some Morita bundle gerbe of the form H(λ,g), where (λ•, g•)
is a representative for ω(H). So, let Ui be a good cover, (λ•, g•) be a representative of ω(H)
over Ui, let σi and κij be as above and consider
ρi : π
−1(Ui) = Y ×M Ui → Y
[2] ; (y, x) 7→ (y, σi(x))
Let Y ′ =
∐
i Ui, then Y ×M Y
′ =
∐
i Y ×M Ui and the collection of the ρi yields a map
ρ : Y ×M Y
′ → Y [2]. Let Q = ρ∗H, then idH ⊗ κ
−1
ij ⊗ idH and µ yield isomorphisms
ρ∗iH⊗A Aλij ⊗A ρ
∗
jH
∗ ≃ ρ∗iH⊗A Hij ⊗A ρ
∗
jH
∗ ≃ H|π−1(Uij) ,
which fit together to form
π∗1Q⊗A π
∗
Y ′[2]
H(λ,g) ⊗A π
∗
2Q
∗ ≃ π∗
Y [2]
H .
By the definition of gijk this isomorphism is compatible with the multiplication map µ. 
Corollary 3.42. Let A be a unital C∗-algebra (not necessarily Picard surjective). Then we
have bijections of pointed sets
Twists(M,A) ≃ Twists(M,As) ≃ Hˇ
1(M,U(As)→ Aut(As)) .
Moreover, there is a surjection of pointed sets
(11) Hˇ1(M,Aut(As))→ Twists(M,As) ,
which sends a principal Aut(As)-bundle P → M to the Morita bundle gerbe H → P [2] from
example 3.17, i.e. every element in Twists(M,A) arises from a principal Aut(As)-bundle.
Proof. The first bijection was established in lemma 3.31 and is given by stabilization, the
second is lemma 3.41 via [Hs] 7→ ω(Hs). It remains to prove the surjectivity of the map in
the second claim. By the proof of lemma 3.41 and lemma 3.29 a stable Morita bundle gerbe
Hs is isomorphic to one of the form H(λ,1) for an Aut(As)-cocycle [λ] ∈ Hˇ
1(M,Aut(As)) over
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a good cover Ui. Let P be the principle Aut(As)-bundle described by λ, then the bundle
which is build like in example 3.17 from P is stably equivalent to H(λ,1). 
Note that Hˇ1(M,Aut(Mn(A))) maps to Twists(M,A) = Twists(M,As) using the
construction in example 3.17. This map commutes with stabilization in the following sense
Hˇ1(M,Aut(Mn(A))) //

Twists(M,A)
Hˇ1(M,Aut(As))
(11)
// Twists(M,A)
where the vertical map on the left hand side is induced by Aut(Mn(A)) → Aut(As), which
sends an automorphism σ of A⊗Mn(C) to σ ⊗ idK ∈ Aut(A⊗Mn(C)⊗K) ≃ Aut(A⊗K).
Choosing different isomorphisms Mn(C) ⊗ K → K changes Aut(Mn(A)) → Aut(As) by
conjugation with an inner automorphism, which has no effect on the isomorphism classes of
principal Aut(As)-bundles.
Definition 3.43. A class [H] ∈ Twists(M,A) is called matrix stable if there exists an
n ∈ N, such that [H] lies in the image of the map Hˇ1(M,Aut(Mn(A)))→ Twists(M,A). We
call a bundle of C∗-algebras A →M with fiber Mn(A) affiliated with H if the isomorphism
class of its principal Aut(Mn(A))-bundle in Hˇ
1(M,Aut(Mn(A))) is mapped to [H].
Example 3.44. IfA = C, thenTwists(M,C) ≃ Hˇ1(M,U(H)→ PU(H)) ≃ Hˇ2(M,U(1)) ≃
H3(M,Z) is a group and (11) is an isomorphism. A class [H] in this group is matrix stable
if its classifying map ϕ factors as
ϕ : M → BPU(n)→ BPU(H) ≃ K(Z, 3) .
It was shown in [2] that this happens, precisely if [H] ∈ H3(M,Z) is torsion. Thus, we
can see matrix stable elements in Twists(M,A) as a generalization of torsion classes, even
though this set carries no group structure in general.
3.4. Nonabelian Bundle Gerbes and Principal Bibundles. Another interpretation of
nonabelian cohomology is in terms of nonabelian bundle gerbes, which are based on a theory
of principal bibundles [1]. In this section we will show how Morita bundle gerbes fit into the
conceptual picture of nonabelian bundle gerbes.
Definition 3.45. Let α : G → H be a crossed module. A (G,H, α)-crossed module bundle
is a principal G-bundle P together with a trivialization Ψ: P → H of the principal H bundle
P ×α H associated to P via α.
Remark 3.46. We may think about (G,H, α)-bundles in terms of principal G-G-bibundles,
where the left action of G is induced by Ψ via
g · p = p ·Ψ(p)g
Indeed we have
g′ · (pg) = (pg) ·Ψ(pg)g′ = pg ·α(g
−1)
(
Ψ(p)g′
)
= pg g−1
(
Ψ(p)g′
)
g = p
(
Ψ(p)g′
)
g = (g′ · p) · g ,
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therefore the left and right actions commute. If we start with a principal G-G-bibundle P ,
we get Ψ via Ψ(p) = h, where h ∈ Aut(G) is such that g · p = p · hg. The (G,H, α)-crossed
module bundles correspond to those bibundles for which Ψ(p) ∈ H corresponds to α by the
construction above (for further details see [1]).
Example 3.47. Let Q → X be a twisted A-A-Morita bundle over a connected space X with
typical fiber H , which we will view as a right Hilbert A-module bundle with a trivialization
Ψ: X × A → K−A(Q). Note that K−A(H) = A and U−A(H) = U(A). As a locally trivial
right Hilbert A-module bundle there is a principal U(A)-bundle P → X associated to it. At
a point x ∈ X the fiber of P consists of all right A-linear isometric isomorphisms H → Qx
and the right action of U(A) is given by pre-concatenation. Likewise, there is a principal
Aut(A)-bundle induced by K−A(Q), more precisely this is given by P ×Ad Aut(A), since
K−A(Q) = P ×Ad K−A(H) = (P ×Ad Aut(A))×τ A ,
where τ is the canonical action of Aut(A) on A. The map Ψ induces a trivialization of the
latter bundle and therefore turns P into a principal U(A)-U(A)-bibundle. In comparison
with the very similar construction for vector bundles we call P the frame bibundle of Q.
On the other hand let P → X be a principal U(A)-U(A)-bibundle and let H be a
Hilbert A-A-bimodule inducing a Morita self-equivalence of A. Since the group U(A) acts
canonically on H from the left via ̺, we can associate a twisted Morita bundle Q = P ×̺H
to P using the right action of U(A) on P. Then the trivialization of P ×Ad Aut(A) yields
a map Ψ: A × X → K−A(Q), which is for each x ∈ X an isomorphism of C
∗-algebras.
Isomorphic twisted Morita bundles necessarily have fibers, which are isomorphic as right
Hilbert A-modules, therefore
Lemma 3.48. Isomorphism classes of twisted Morita bundles Q → X over a connected
space X are in 1 : 1-correspondence with pairs ([P], [H ]), where P is a principal U(A)-U(A)-
bibundle, [P] denotes its isomorphism class, H is a Morita self-equivalence of A and [H ]
denotes its isomorphism class as a right Hilbert A-module.
Let P and P ′ be two principal U(A)-U(A)-bibundles over X . As explained in [1], their
product P · P ′ is defined to be the quotient of P × P ′ with respect to the right action
(p, p′) 7→ (pu, u−1p′) for u ∈ U(A). Of course the two remaining actions turn P · P ′ into a
principal bibundle again. Let Q = P ×̺ A and Q′ = P ′ ×̺ A, then we have
Lemma 3.49. The twisted tensor product Q⊗AQ′ is isometrically isomorphic to (P·P ′)×̺A,
i.e. ([P], [A])⊗A ([P ′], [A]) = ([P · P ′], [A]) under the correspondence of lemma 3.48.
Proof. We will denote elements in Q by [p, v] for p ∈ P and v ∈ A, likewise for Q′. Since
P ′ is a principal bibundle, there is a map Ψ: P ′ → Aut(A), which is equivariant in the
sense that for p′ ∈ P ′ and u ∈ U(A) we have Ψ(p′u) = Adu∗ ◦ Ψ(p′). Likewise, we have
Φ: P → Aut(A). The left action of A on Q′ is given by a · [p′, v′] = [p′,Ψ(p′)(a)v′]. Let
Θ: Q⊗A Q
′ → (P · P ′)×̺ A ; [p, v]⊗ [p
′, v′] 7→ [(p, p′),Ψ(p′)(v)v′] .
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To check that this is well-defined, let u ∈ U(A), a ∈ A and observe
Θ([pu, v]⊗ [p′, v′]) = [(pu, p′),Ψ(p′)(v)v′] = [(p, p′ ·Ψ(p′)(u)),Ψ(p′)(v)v′]
= [(p, p′),Ψ(p′)(uv)v′] = Θ([p, uv]⊗ [p′, v′])
Θ([p, v]⊗ [p′u, v′]) = [(p, p′u),Ψ(p′u)(v)v′] = [(p, p′u), u∗Ψ(p′)(v)uv′]
= [(p, p′),Ψ(p′)(v)uv′] = Θ([p, v]⊗ [p′, uv′])
Θ([p, v] · a⊗ [p′, v′]) = [(p, p′),Ψ(p′)(va)v′] = [(p, p′),Ψ(p′)(v)Ψ(p′)(a)v′]
= Θ([p, v]⊗ a · [p′, v′])
Thus, Θ is well-defined on the algebraic tensor product in each fiber. But it also preserves
the right A-valued inner product due to the following calculation
〈[p, v1]⊗ [p
′, v2], [p, w1]⊗ [p
′, w2]〉A = 〈v2,Ψ(p
′)(〈v1, w1〉A)w2〉A
= 〈Ψ(p′)(v1) v2,Ψ(p
′)(w1)w2〉A
= 〈Θ([p, v1]⊗ [p
′, v2]),Θ([p, w1]⊗ [p
′, w2])〉A
and therefore extends to a (partial) isometry on the fibers. By the open mapping theorem it
suffices to see that Θ is surjective. Let en be an approximate unit for A and let [(p, p
′), w] ∈
(P · P ′)×̺ A. Let an = [p, en]⊗ [p
′, w]. Since
‖[p, en]⊗ [p
′, w]− [p, em]⊗ [p
′, w]‖ = ‖enΨ(p
′)−1(w)− emΨ(p
′)−1(w)‖ ,
this is a Cauchy sequence in the fiber over the point onto which p and p′ project. Since the
fibers are complete, it converges. Note that
Θ(an) = [(p, p
′),Ψ(p′)(en)w] = [(p, p
′),Ψ(p′)(enΨ(p
′)−1(w))]
converges to [(p, p′), w]. Since Θ is continuous, we are almost done. At last, we need to
check that Θ is an isomorphism of twisted Morita bundles, i.e. that the following diagram
commutes
X × A
α
// K−A(Q⊗Q′)
β

X × A
γ
// K−A((P · P ′)×̺ A)
Since α sends (x, a) to the operator [p, v]⊗ [p′, v′] 7→ [p,Φ(a)v]⊗ [p′, v′], the composition β ◦α
sends (x, a) to the compact operator, which maps [(p, p′), w] to [(p, p′),Ψ(p′) ◦ Φ(p)(a)w].
This is precisely the left multiplication by a on the fiber of (P · P ′)×̺ A, which finishes the
proof. 
Definition 3.50. A nonabelian bundle gerbe in the sense of [1, 18] for the crossed module
U(A) → Aut(A) is a principal U(A)-bibundle P → Y [2] together with a bibundle isomor-
phism π∗12P · π
∗
23P → π
∗
13P, which satisfies the bibundle analogue of associativity as in
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definition 3.14, i.e. the following diagram commutes:
(π∗12P · π
∗
23P) · π
∗
34P

π∗12P · (π
∗
23P · π
∗
34P)

π∗13P · π
∗
34P
((Q
QQ
QQ
QQ
QQ
QQ
QQ
π∗12P · π
∗
24P
vvmm
mm
mm
mm
mm
mm
m
π∗14P
The construction of the frame bibundle is functorial in the sense that an isomorphism
of twisted Morita bundles ϕ : Q → Q′ induces a corresponding isomorphism of the frame
bibundles. More precisely, ϕ yields an isomorphism H → H ′ of the corresponding typical
fibers and maps an isometry H → Qx to the isometry H ′ → H → Qx → Qϕ(x). Since ϕ
intertwines the two trivializations, the induced map intertwines the two left multiplications
on the frame bibundle. This works vice versa if the fibers are isomorphic to A as right
Hilbert A-modules. Thus, we have
Corollary 3.51. Isomorphism classes of nonabelian bundle gerbes P → Y [2] for the crossed
module U(A) → Aut(A) are in 1 : 1-correspondence with Morita bundle gerbes H → Y [2]
with typical fibers isomorphic to A as right Hilbert A-modules via
P 7→ P ×̺ A .
In case the algebra A is Picard surjective, this yields a bijective correspondence between
Morita bundle gerbes and nonabelian bundle gerbes. Apart from this, the situation is more
complicated, since the cokernel of the homomorphism Aut(A)→ Pic(A) becomes important.
In fact, one can see the coset decomposition of Pic(A) with respect to Out(A) (the image of
Aut(A) in Pic(A)) in lemma 3.48. In case A is a simple C∗-algebra carrying a unique trace τ
separating the equivalence classes of projections then the cokernel is the fundamental group
F(A) =
{
(tr⊗ τ)(p) | p ∈Mn(A) = Mn(C)⊗ A, p = p
2 = p∗, pMn(A)p ≃ A
}
as defined in [26]. In this case
1→ ZU(A)→ U(A)→ Aut(A)→ Pic(A)→ F(A)→ 1
is exact. So, the non-exactness stems from the self-similarity of A in this case. Nevertheless,
this information is captured by Morita equivalences and therefore by Morita bundle gerbes
as well.
4. Twisted Operator K-Theory
Modules over bundle gerbes were used in [4] to give a description of twisted K-theory
(with torsion twist) in terms of objects as closely related to vector bundles as possible. In this
chapter we are going to extend the results from [4] to the case of Hilbert A-module bundles
with twists given by Morita bundle gerbes introduced above. Even though the pointed set
Twists(M,A) is not a group anymore, most of the main results transfer to this more general
setup.
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Definition 4.1. Let A be a unital C∗-algebra, M be a manifold, π : Y →M be a fibration
and let H → Y [2] be a Morita bundle gerbe for A over Y [2]. A twisted Morita module E → Y
for H is a locally trivial bundle of right Hilbert A-modules E with typical fiber H and
structure group U−A(H) together with an isometric isomorphism of right Hilbert A-module
bundles
γ : π∗1E ⊗A H → π
∗
2E ,
such that the following associativity diagram commutes
(π∗1E ⊗A π
∗
12H)⊗A π
∗
23H
γ⊗id

π∗1E ⊗A (π
∗
12H⊗A π
∗
23H)
id⊗µ

π∗2E ⊗A π
∗
23H
γ
((R
RR
RR
RR
RR
RR
RR
RR
π∗1E ⊗A π
∗
13H
γ
vvll
ll
ll
ll
ll
ll
ll
l
π∗3E
A (compact) morphism of twisted Morita modules E → Y and E ′ → Y for the same Morita
bundle gerbe H is a fiberwise bounded A-linear adjointable (compact) homomorphism of
right Hilbert A-module bundles ϕ : E → E ′, such that the following diagram commutes
π∗1E ⊗A H
γ
//
π∗1ϕ⊗idH

π∗2E
π∗2ϕ

π∗1E
′ ⊗A H
γ′
// π∗2E
′
A twisted Morita bundle E → Y will be called finitely generated if the fibers are finitely
generated as right Hilbert A-modules and likewise for projective. The bundle of compact
adjointable A-linear operators Ey → E ′y will be denoted by K−A(E , E
′) with K−A(E) =
K−A(E , E). Since we are dealing mostly with finitely generated projective Hilbert A-modules,
for which the compact and the bounded adjointable operators agree, we only consider com-
pact operators in the following.
Corollary 4.2. Let E → Y be a twisted Morita module for H. There is a a bundle isomor-
phism
φ : π∗2(K−A(E))→ π
∗
1(K−A(E)) ,
which satisfies the condition of lemma 3.22, such that the global sections of the induced bundle
end−A(E) over M correspond to the compact Morita module endomorphisms of E .
Proof. Let (y1, y2) ∈ Y [2] and T : Ey1 → Ey1 be a compact adjointable operator, then we
define φ−1(T ) = γ ◦ (π∗1T ⊗ idH) ◦ γ
−1, i.e.
φ−1(T ) : Ey2 → Ey1 ⊗A H(y1,y2)
T⊗idH−→ Ey1 ⊗A H(y1,y2) → Ey2
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on the fibers. This satisfies the associativity condition due to the following commutative
diagram:
Ey3 // Ey2 ⊗A H(y2,y3) // Ey1 ⊗A H(y1,y2) ⊗A H(y2,y3)
T⊗id
//
idEy1
⊗µ

Ey1 ⊗A H(y1,y2) ⊗A H(y2,y3)
idEy1
⊗µ

Ey3 // Ey1 ⊗H(y1,y3)
T⊗id
// Ey1 ⊗H(y1,y3)
where the square on the left hand side commutes due to the associativity of the action
γ. A global section τ : M → end−A(E) corresponds to a section τˆ : Y → K−A(E), such
that ϕ(τˆ(y2)) = τˆ(y1), which translates into the condition for morphisms of twisted Morita
modules. 
Example 4.3. Let H be the Morita bundle gerbe from example 3.17 for the unital C∗-al-
gebra A, i.e. H = P [2] ×Aϕ◦g for some principal G-bundle P and a homomorphism ϕ : G→
Aut(A). The trivial bundle of free rank n Hilbert A-modules
E = P ×An
is a twisted Morita module via the action
γ : π∗1E ⊗A H → π
∗
2E ; (p1, p2, v ⊗ a) 7→ (p1, p2, ϕ(g(p1, p2))
−1(va))
The bundle of Morita module endomorphisms turns out to be end−A(E) = P ×ϕ Mn(A),
where ϕ acts on Mn(A) =Mn(C)⊗A as idMn(C) ⊗ ϕ.
Example 4.4. To have a local model for Morita modules, we need the following example.
Let P → M be a trivializable principal G-bundle with an equivariant map τ : P → G. Let
ϕ : G→ Aut(A) be a homomorphism. Let H be the Morita bundle gerbe from example 3.17
constructed from P and ϕ. Let H = t An be a finitely generated projective right Hilbert
A-module, where t ∈Mn(A) is a projection and define
E = P ×Hϕ◦τ .
This is in fact a twisted Morita module with respect to the action
γ : π∗1E ⊗A H → π
∗
2E ; (p1, p2, v ⊗ a) 7→ (p1, p2, v · a) ,
where the dot denotes the action in the fiber over p1. By lemma 3.4 it is indeed a locally
trivial bundle of right Hilbert A-modules, which is isomorphic to
E ′ =
{
(p, v) ∈ P × An | ϕ(τ(p))−1(t)v = v
}
as a twisted Morita module by lemma 3.3, where the action of H on E ′ is given just like in
the previous example. Thus, E embeds into the trivial twisted Morita module.
Let E ′ → Y ′ be a twisted Morita module for H′ and let E¯ = π∗Y ′E
′ ⊗A Q ⊗A ∆H. On
the fibers we have the following isomorphisms of right Hilbert A-modules
E ′y′2 ⊗Q(y
′
2,y)
⊗H(y,y) ≃ E
′
y′1
⊗H′(y′1,y′2) ⊗Q(y
′
2,y)
⊗H(y,y)
≃ E ′y′1 ⊗Q(y
′
1,y)
⊗H(y,y) ⊗H(y,y)
≃ E ′y′1 ⊗Q(y
′
1,y)
⊗H(y,y)
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Let π′i : Y
′[2] ×M Y → Y
′ ×M Y be the canonical projections. The associativity conditions
on H and E and the compatibility of (8) with the product ensure that the induced iso
π
′∗
2 E¯ → π
′∗
1 E¯ satisfies the condition for lemma 3.22. Therefore we get an induced bundle of
right Hilbert A-modules Q(E ′)→ Y . Furthermore H acts from the right on E¯ as follows:
E ′y′ ⊗Q(y′,y1) ⊗H(y1,y1) ⊗H(y1,y2) ≃ E
′
y′ ⊗Q(y′,y1) ⊗H(y1,y2) ⊗H(y2,y2)
≃ E ′y′ ⊗H
′
(y′,y′) ⊗Q(y′,y2) ⊗H(y2,y2)
≃ E ′y′ ⊗Q(y′,y2) ⊗H(y2,y2)
By the intertwining properties ofQ and the associativity of the multiplication and the action,
we see that this action commutes with the isomorphism used to define the bundle Q(E ′).
Thus, we end up with a twisted Morita module Q(E ′) → Y . The notation of this bundle is
due to its compatibility with the transitivity of stable equivalence: We have (Q ◦Q′)(E ′′) =
Q(Q′(E ′′)), where we used the notation from the proof of corollary 3.25. The construction
of Q(E ′) is functorial with respect to morphisms of Morita bundle gerbes, since these are
precisely the maps that respect the action of H′. Moreover, Q∗(Q(E ′)) ≃ E ′⊗∆H′ ≃ E ′ and
we have proven
Theorem 4.5. If H → Y [2] and H′ → (Y ′)[2] are two Morita bundle gerbes, which are
stably equivalent via Q → Y ×M Y ′. Then the maps E 7→ Q∗(E) and E ′ 7→ Q(E ′) provide a
natural equivalence between the category of Morita modules for H over Y and the category of
Morita modules for H′ over Y ′. This equivalence is also bijection when restricted to finitely
generated projective modules.
The direct sum of the action maps turns the direct sum of two twisted Morita modules
into another one. All operations so far are compatible with forming those direct sums, in
particular the functor Q is additive.
Definition 4.6. Let A be a unital C∗-algebra and H a Morita bundle gerbe for A. We define
the twisted K-group K0H(M) with twist H to be the Grothendieck group of the isomorphism
classes of twisted Morita modules.
The next corollary is a direct consequence of the previous theorem:
Corollary 4.7. The twisted K-group K0H(M) depends up to non-canonical isomorphism
induced by stable equivalences only on the class of H in Twists(M,A).
In order to give an operator algebraic description of K0H(M) for the case of matrix stable
twists [H] ∈ Twists(M,A), we first need to prove that every finitely generated projective
Morita module has a stable inverse.
Lemma 4.8. Let H be the bundle gerbe from example 3.17. Let E → P be a finitely generated
and projective twisted Morita module for the Morita bundle gerbe H. Then there exists an
N ∈ N and a finitely generated projective twisted Morita module F → P , such that
E ⊕ F ≃ AN ,
where the right hand side denotes the trivial Morita module as explained in example 4.3.
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Proof. Without loss of generality we may assume M to be connected. Choose a good finite
open cover
⋃
i∈I Ui ⊃M and define Pi = P |Ui , such that there exist local sections σi : Ui → P
for the projection π : P → M and equivariant maps τi : Pi → G with τi◦σi = 1. Let Ei = σ
∗
i E
and choose an isomorphism ϕi : Ei → Ui ×H with H = tAn for some projection t ∈Mn(A).
Let Hϕ◦τi be the Morita module from example 4.4 and define
∆i : Pi → P
[2]
i ; p 7→ (σi(π(p)), p) .
Let γ : π∗1E ⊗AH → π
∗
2E and δ : π
∗
1Hϕ◦τi ⊗AH → π
∗
2Hϕ◦τi be the action maps. These induce
an isometric isomorphism of right Hilbert A-module bundles
ψi : E|Pi
γ−1
−→ π∗Ei ⊗A ∆
∗
iH
ϕi⊗idH−→ H ⊗A ∆
∗
iH
δ
−→ Hϕ◦τi ,
where the third map uses the identification of Hϕ◦τi with H over the image of σi. Using the
associativity of H, it is easy to check that this is an isomorphism of twisted Morita modules.
Now let h2i : M → [0, 1] be a partition of unity subordinate to the cover Ui. Let k = |I|.
N = n · k and set
Ψ: E → AN ; v 7→
∑
i∈I
hi(π(p)) · ψi(v)
for v ∈ Ep. Where we suppressed the embedding of Hϕ◦τi into the trivial bundle in the
notation and ψi is understood as an embedding into the ith summand of A
N =
⊕
iA
n. Now
define
F =
{
(p, v) ∈ AN | 〈v,Ψ(w)〉A = 0 ∀w ∈ Ep
}
.
It is a priori not clear that this defines a locally trivial bundle of right Hilbert A-modules
over P and that we have E ⊕ F = AN , but we can use the same machinery as in [33,
Theorem 2.14] to show that this is indeed the case. Since Ψ is an isometric embedding of
twisted Morita modules and intertwines the two actions, we see that δ : π∗1A
N⊗AH → π∗2A
N
restricts to an isometric isomorphism of F , therefore the latter is a twisted Morita module
and the isometric isomorphism E ⊕ F → AN given by Ψ on the first summand and by the
embedding on the second is a morphism of twisted Morita modules. 
Theorem 4.9. Let H be a representative of a matrix stable element [H] ∈ Twists(M,A)
and let A →M be a bundle of C∗-algebras affiliated with H. Then we have
K0H(M) ≃ K0(C(M,A)) .
Proof. By corollary 4.7 it suffices to give an isomorphism K0H(M) ≃ K0(C(M,A)) for the
case when H is of the form given in example 3.17 since any matrix stable element can be
obtained in that way. We will denote the fiber of A by A. Let P , ϕ and H be as in
example 3.17. If E → P is a twisted Morita module for H, then by lemma 4.8 it embeds as
a direct summand into AN . Thus, there is a twisted Morita morphism
tE : A
N → AN ,
which projects to the fiber of E at every point. By corollary 4.2, it corresponds to a projection
in C(M, end−A(E)) ≃ C(M,MN(A)). This construction is well-behaved with respect to
direct sums, hence we get a homomorphism
K0H(M)→ K0(C(M,A)) ; [E ]− [E
′] 7→ [tE ]− [tE ′ ] .
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To see the inverse map, let t ∈ C(M,MN(A)) be a projection-valued section of MN(A),
which corresponds to a G-equivariant map P →MN(A), i.e. t(pg) = ϕ(g)−1(t(p)). Let
Et =
{
(p, v) ∈ P ×AN | t(p)v = v
}
.
Using the fact that norm-close projections are unitarily equivalent - like we already did in
lemma 3.4 - it is easy to see that Et is a locally trivial bundle of finitely generated projective
right Hilbert A-modules. It carries an action of H given by
γ : π∗1E ⊗A H → π
∗
2E ; (p1, p2, v ⊗ a) 7→ ϕ(g(p1, p2))
−1(va) ,
which indeed maps into π∗2E , since we have for g12 = g(p1, p2):
t(p2)ϕ(g12)
−1(va) = t(p1g12)ϕ(g12)
−1(va) = ϕ(g12)
−1(t(p1)va) = ϕ(g12)
−1(va) .
Thus, Et is a twisted Morita module. It is clear that these two constructions are inverse to
each other in the sense that
K0(C(M,A))→ K
0
H(M) ; [t]− [t
′] 7→ [Et]− [Et′]
provides an inverse to the above homomorphism. 
Example 4.10. If P → M is a principal PU(n) = Aut(Mn(C))-bundle, then the above
construction boils down to the results in [4]. More precisely: As we have seen, a Morita
bundle gerbe can be turned into a regular S1-bundle gerbe by tensoring with the canonical
Morita equivalence Cn between C and Mn(C), i.e.
H 7→ Cn∗ ⊗Mn(C) H⊗Mn(C) C
n .
Likewise, a twisted Morita module E → P can be turned into a regular bundle gerbe module
via
E 7→ E ⊗Mn(C) C
n .
This is particularly interesting for the following twist: IfM is an oriented Riemannian mani-
fold and P the frame bundle associated to its tangent bundle, then we have a homomorphism
SO(n)→ Aut(Cl(n)) .
Using the construction from example 3.17, we get an element [H] ∈ Twists(M,Cl(n)) ≃
H3(M,Z), which corresponds to the Bockstein of the second Stiefel-Whitney classW3(M) =
β(w2(M)).
5. Twisted K-theory via Cuntz Algebras
The Cuntz algebraO(n) is the universal C∗-algebra generated by n partial isometries, i.e.
by elements s1, . . . sn with relations s
∗
i si = 1 and
∑n
j=1 sjs
∗
j = 1 [11]. It was proven in [12] that
K0(O(n+1)) ≃ Z/nZ andK1(O(n+1)) ≃ 0. Therefore we can consider K0(C(M,O(n+1))),
the K-theory of the C∗-algebra of O(n + 1)-valued continuous functions. Evaluating on a
point we see that this cohomology theory has the same coefficients as K0(M,Z/nZ) defined
via homotopy theory. It follows from a description of the latter by Karoubi [19, Exercise 6.18]
and the Ku¨nneth theorem for K-theory of operator algebras that these two actually agree.
Thus, we get an operator algebraic description of K-theory with Z/nZ-coefficients.
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This has the advantage that O(n) carries a rich automorphism structure [16, 15], which
allows us to twist it. For example, the unitary group U(n) acts on the generators in an
obvious way via
si 7→
n∑
j=1
uijsj .
It can be checked that this action extends to an automorphism of O(n) and that U(n) →
Aut(O(n)) is continuous with respect to the point-norm topology. Therefore any principal
U(n)-bundle P over M yields a twist H of K-theory with Z/(n − 1)Z-coefficients and the-
orem 4.9 gives a geometric description of this group by twisted Morita modules. On the
operator algebraic side we get A = P ×U(n) O(n) and K0(C(M,A)).
This gets even more interesting if we replace O(n) by the infinite Cuntz algebra O(∞).
K-theory has a priori more twists than just those classified by H3(M,Z). The full classifying
space is BBU⊗. Thus, the question arises, if there are geometric descriptions of these higher
twists. The infinite Cuntz algebra seems like a good starting point. So, the question here
would be: Are automorphisms of O(∞) related to higher twistings of K-theory?
Other applications might arise if we consider fields of C∗-algebras instead of locally
trivial bundles. This would be closer to the work of Echterhoff, Nest and Oyono-Oyono [14].
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